Quantum computation with
commuting operations
Master Thesis
Xiaotong Ni

October 19, 2012
Garching

First reviewer:
Prof. Dr. J. Ignacio Cirac

Second reviewer:
Prof. Dr. Alejandro Ibarra

Introduction
Quantum physics has changed our world dramatically, from Laser pointers in our hand to
our understanding of black holes. However, it is only lately that people start to ask whether
quantum mechanics can be employed to make better computers or other information processing
instruments. Around 1980, Richard Feynman and other scientists [1, 2] started to consider
the possibility of using quantum computers to simulate interacting quantum systems, since
in general it takes exponentially many coefficients to describe a many body system, which
makes simulating quantum systems on a classical computer an infeasible task. In 1994, Peter
Shor shows that quantum computers can factor integers much faster then any known classical
algorithm [3], which also breaks a widely used cryptography protocol on the Internet. After
that, quantum computing starts to attract people’s interest, and physicists have spent huge
efforts to build a quantum computer. Many different experimental implementations have been
proposed, by using ion traps [4], superconducting circuits [5], etc. However, so far, only very
small quantum computers have been built, which can achieve tasks like factoring 15 into 3 × 5
(see, for example [6]).
Besides the practical aspect, there is another reason that makes quantum computing interesting. Before quantum computation was known, evidences were pointing to the direction that
there is no physical machine able to do computation substantially faster than an electronic computer (more exactly, a Turing machine). This is the so called “extended Church-Turing thesis”
(also called “strong Church-Turing” thesis, see [7]). Note that the conjecture is rather about
physical laws, and has very similar spirit as thermodynamic laws. Thus if we prove quantum
computers can outperform classical ones, then we have to abandon our long-time belief; otherwise we will have more faith in it. There are also some interesting results on deriving physical
laws from the computational power aspect. For example, it was shown in [8] that certain kinds
of non-linearity in quantum mechanics would drastically increase its computational power, thus
considered to be unlikely.
However, it turns out that it is very difficult to characterize the power of quantum computers.
For example, while the quantum algorithm for factoring performs exponentially faster than the
best available classical algorithm, it is extremely hard to prove this for every possible classical
algorithm. Indeed, if we can prove there is a (decision) problem which can be efficiently solved
by quantum computers but not by classical ones, we can solve some long-time open problems
in complexity theory (see chapter 2). On the other hand, people also try to find an efficient
classical factoring algorithm for decades, yet no one succeeded. Therefore quantum computers
are likely to be more powerful than classical ones. Despite the difficulties to obtain rigorous
proofs, the widely accepted conjecture is that quantum computers have the edge over classical
ones, while at the same time they are not powerful enough to solve a large family of important
problems (the family of NP-Complete problems).
At the same time, it should also be kept in mind that quantum computers are useful to
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speed-up certain tasks, though not very drastically. For example, it is known that quantum
computers can do brute-force search faster then classical
√ computers, which is the so called
Grover algorithm [9]. The speed-up is only of a factor N , where N is the number of items
to be searched. This does not qualify as a substantial speed-up in computational complexity
theory. But if some day scalable quantum computers become easy to build, then these kind of
algorithms will certainly become handy.
In this thesis, instead of studying the power of quantum computing directly, we will focus on
restricted classes of quantum circuits and analyse their power (quantum circuits are a standard
model of quantum computation). In most situations, a restricted class of quantum circuits
cannot approximate every unitary operator, which is in contrast to normal universal quantum
circuits. Studying restricted quantum circuits helps us understanding the power of quantum
computation in the following sense: if we want to have an upper bound of the computational
power of quantum computers, we must be able to obtain the upper bound for all restricted class;
On the other hand, if some restricted quantum circuits are already able to achieve certain tasks
that are infeasible on classical computer, then we have more evidence that quantum computers
are more powerful.
A number of previous works have investigated restricted quantum circuits. The results can
be broken up in two categories: efficient classical simulations and hardness results. First, for
several restricted but nontrivial classes of quantum circuits, it has been found that efficient
classical simulations are possible. For instance, if in each step of a quantum circuit the entanglement (quantified by the p-blockedness [10] or by the Schmidt rank [11]) is bounded, the
circuit can be simulated efficiently classically. Such results demonstrate that certain types of
entanglement must be generated in sufficiently large amounts if a quantum algorithm is to yield
an exponential speed-up. Certain other circuit classes can be simulated classically using entirely
different arguments not based on entanglement considerations [12, 13, 14, 15, 16, 17], e.g. by
using the Pauli stabilizer formalism [12] or the framework of matchgate tensors [13, 14, 15] .
Conversely, it has been shown that some restricted quantum computation schemes can
perform tasks that appear to be hard classically [18, 19, 20, 21, 22]. For example, in [18]
the hardness of simulating linear optical quantum computation was discussed. In [21, 22] it
was shown that constant depth quantum circuits are hard to simulate exactly or with a high
accuracy. Besides theoretical importance, these results also lower the threshold to demonstrate
nontrivial quantum computation in experiments.
In this thesis we focus particularly on commuting quantum circuits. Commuting quantum
circuits consist of pairwise commuting operations. In other words, we want to know if we have
a device capable of applying pairwise commuting operations on a product state, whether we can
use the device to achieve computational tasks which are not easy on a classical computer. Several features make such circuits interesting. For example, commuting circuits exhibit genuine
quantum effects, e.g. they can generate entangled pure states, which is a necessary condition
to achieve quantum computation. Further, since commuting operations can be performed simultaneously, there is no time order in the computation, which is drastically different from
other computational models. Consider that on a classical computer, it will even be very hard
to compute (1 + 2) × 3 when we do not have time order in the operations, since we need to
do addition before the multiplication. Moreover, all gates in the circuit can be diagonalized
simultaneously. The latter property might at first sight suggest an intrinsic simplicity of this
circuit class; however it is important to note that the diagonalizing unitary can by a complex
entangling operator. The main message of this thesis is there exist evidence that, in spite of
the simplicity, commuting circuits indeed have nontrivial power beyond classical computation.
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We will use the word “qubit” to denote a 2-level quantum system, and “qudit” for a d-level
one. Our main results can be summarized as follows
• 2-local circuits are easy. Consider n qudits which are initialized in a product state. If m
commuting operations are applied to them, where each operation only act on two qudits,
then we can simulate any measurement outcome on a single qudit efficiently on a classical
computer. More precisely, the time we need to do the simulation is a polynomial of n and
m.
• 3-local circuits are hard. In the above setting, if each operation can act on three qudits
instead of two, then we are unlikely to be able to simulate the measurement outcome
efficiently to a certain accuracy. In fact, to simulate the measurement outcome for qubits
is already hard. This result is based on a widely accepted conjecture in computer science.
• Commuting Pauli circuits. Now instead of operations acting on two or three qudits, we
consider the commuting operations of the form eiθP on qubits, where P is a Pauli operator
(i.e., P can be written as a tensor product of Pauli matrices). We show that in this case,
we can simulate the measurement outcome on a single qubit efficiently. Note that here
the commuting operation eiθP can act on any number of qubits.
• Mapping non-commuting circuits to commuting circuits. Certain non-commuting quantum processes can be efficiently simulated by purely commuting quantum circuits. This
provides further evidence of the nontrivial computational power of commuting circuits.
It is noteworthy that several distinct techniques were used to prove the above results, including
the Pauli stabilizer formalism used in quantum error correction, tensor network methods used in
condensed matter physics, and recently introduced sampling methods for simulating quantum
circuits.
The structure of the thesis is the following:
• In chapter 1 we will introduce the circuit model of quantum computation. It is the most
widely used model in quantum computation, and it will give us a way to characterize the
time and space resources needed for certain quantum computations. We also introduce
the concept of universality. A universal gate set is a set of basic unitary operations that
allow to approximate every complex unitary operator. Two alternative models of quantum computing are also mentioned in this chapter, namely measurement based quantum
computation and adiabatic quantum computation.
• In chapter 2 we give a brief tutorial of complexity theory. It allows us to compare the power
between classical computers and quantum computers formally. In particular, it let us
understand the difficulties and importance of studying the power of quantum computing,
since to settle it we need to solve some long time open problems in complexity theory.
• In chapter 3 we give a summary of many important classical simulation results. It is shown
that many different kinds of quantum circuits can be simulated on a classical computer by
using very different techniques, including stabilizer formalism, tensor contraction method,
sampling method, etc. It is worth noting that these techniques are also very useful in
other subjects of quantum physics.
• Finally in chapter 4 we will study the power of commuting quantum circuits, which is our
contribution:
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– X. Ni and M. Nest, Commuting quantum circuits: efficient classical simulations
versus hardness results, accepted by Quantum Information & Computation, preprint
arXiv:1204.4570, 2012.
And the following talk was given:
– X.Ni, Commuting quantum circuits: efficient classical simulations versus hardness results, 9th Central European Quantum Information Processing Workshop, Bratislava,
June 7th, 2012
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Chapter 1

Circuit Model of Quantum
Computation
Nowadays quantum computation has become a well-known concept. Intuitively, when we
have control over n two-level quantum systems, we can apply operations over 2n coefficients,
which is far beyond the capability of classical computation. Many different experimental implementation have been proposed. So to study the power of quantum computation, some concise
theoretical models is needed to save us from going into detail of every experiment. The model
should also represent the full potential of quantum computation, i.e. no experimental setting
could solve problems substantially more faster than the model.
In this chapter we focus on the circuit model, which is the most widely used model to
represent quantum computation. Before we start, we first introduce some symbols which are
mainly used to describe how an algorithm performs asymptotically. We will use poly(n) to
represent an arbitrary polynomial of n. When we say f (n) = O(g(n)), we mean that |f (n)| <
cg(n) for some constant c when n is sufficiently large.

1.1

Definition of Circuit Model

Let us begin with an example of quantum circuit (see Fig. 1.1). In a quantum circuit, unless
explicitly stated, each wire will represent a qubit (i.e., a two-level quantum system). We will
always use |0i and |1i to represent the basis of a qubit, which is called as the computational
basis. So the state of a single qubit can be written as
|ψi = α|0i + β|1i.

•

|0i

H

|0i
|0i

H

•

Figure 1.1: A quantum circuit
7

(1.1)
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Similarly, if we have n qubits, the state can be written as
X
cx1 ···xn |x1 · · · xn i,
|ψi =

(1.2)

x1 x2 ···xn

where the sum is over all binary strings x1 · · · xn , and cx1 ···xn is a set of exponentially many
coefficients describing the state. The basis formed by all |x1 · · · xn i is the computational basis
for n qubits. We will also use the word qudit to describe a d-level quantum system.
Unitary operators are represented by gates. In circuit 1.1, for instance, there are Hadamard
gates (H) and control-not gates (CNOT), where the later ones are represented by the lines
across two wires. Here are some common gates used in quantum circuits:










1 1 1
1
0
0 1
0 i
1 0
H=√
X=
Y =
Z=
S=
(1.3)
1 0
−i 0
0 −1
0 eiπ/4
2 1 −1

1
0
CNOT = 
0
0

0
1
0
0

0
0
0
1


0
0

1
0


1
0
CPHASE = 
0
0

0
1
0
0


0 0
0 0

1 0
0 −1

(1.4)

where X, Y, Z are Pauli gates, and CZ is called control-phase gate. CNOT is a very widely used
gate in quantum circuits. A CNOT gate acting on qubit 1 and 2, controlled by qubit 1 does
the following
|x1 i|x2 i → |x1 i|x1 ⊕ x2 i,
(1.5)
where x1 ⊕ x2 is the addition over Z2 . When represented in circuit 1.1, the qubit on the dot
side is the control qubit. We say a gate is a k-local when it only act on k qubits. We will also
use Toffoli gate in this thesis, which is a 3-qubit gate that does the following
|x1 i|x2 i|x3 i → |x1 i|x2 i|x3 ⊕ x1 x2 i,

(1.6)

where x1 x2 x3 is any binary string.
In the most cases a state chosen from the computational basis will be taken as input. In
the end of a quantum circuit, a measurement will be done to obtain a classical outcome from a
quantum state. Usually it will be a one qubit measurement on the first qubit.
Although we already have a way to describe quantum circuits, some details are still missing
for it to be a computation model. For example, a computation problem can normally have bit
strings of any length as input, while a specific quantum circuit Cn only allows bit string of length
n as input, where n is the number of input qubits. So to implement quantum computation,
we need a family of quantum circuits to deal with input of different length. We also need to
specify how we generate the description of the quantum circuits with different number of input
qubits. For instance, if we have an unlimited computational power to generate the description
of the quantum circuits based on the input, the circuits would also have unlimited power. This
is simply because we can use the unlimited computational power to first compute the solution
to the input, and then generate a possibly very short circuit which outputs the known solution.
Moreover, when we build a quantum computer in the real world, we do not have access to any
unlimited computational power. So to avoid this issue, we imply the uniformity condition: the
quantum circuits with n input qubits can be generated by a classical computer in poly(n) time.
Below is the formal definition of uniform family of quantum circuits:

1.2. UNIVERSAL SETS OF QUANTUM GATES
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Definition 1.1.1. A uniform family of quantum circuits is a set of {Cn }, where Cn is a quantum
circuit with n input qubits. Each of the input qubit can be |0i or |1i. The description of Cn can
be computed by a classical computer in poly(n) time. Possible operations are
• gates that act on at most 2 qubits, chosen from a finite set {G}.
• creating some auxiliary qubits, initialized in |0i
In the end of a circuit, a one qubit measurement will be done on the first qubit. We will use the
terminology ”size of a circuit” to denote how many gates are used in the circuit. Note that the
size of a uniform circuit family is always of poly(n).
Although this is the most often used definition of quantum circuits, we will often use variants
of it during this thesis. For example, we might run the same quantum circuits multiple times,
and then use a classical computer to do some post-processing on the outcomes. We will also
study some 3-local circuits instead of 2-local ones. However, if we have a universal set of
quantum gates in the definition 1.1.1, these variants can be shown to have the same power. We
will introduce the concept of universality first.

1.2

Universal sets of quantum gates

In this section, we will discuss why in the above definition we can restrict ourself to choose from
a finite set of gates acting on two qubits. For this, we need the concept of universality.
Definition 1.2.1. A set of gates is called universal if any unitary operator can be approximated
by a circuit of these gates to an arbitrary accuracy. More precisely, for a unitary operator U
(on arbitrary number of qubits) and  > 0, there exist a circuit C of these gates, such that
kU − Ck < . Here k · k is the spectral norm, which is the largest singular value of the operator.
In the above definition, we also use C to represent the unitary operator implemented by
circuit C. Note that we did not address the efficiency of approximating a gate. Indeed, it has
been proved that there exist a family of gates {Un }, which acting on n qubits respectively, so
that Un requires an exponential number of gates to approximate [7].
To show that this is a good definition of universality, we also need the fact that the final
state of the circuit C|ψi is close to the desired state U |ψi. Indeed, by the property of spectral
norm, we have
kAk = sup kA|αik.
(1.7)
|αi

Particularly, this implies
kC − U k = sup k(C − U )|αik,

(1.8)

|αi

which means for any |ψi, if C and U are -close, C|ψi and U |ψi will be -close as well. Moreover,
we have the following theorem
Theorem 1.2.2. Let |η1 i = C|ψi, |η2 i = U |ψi and |∆i ≡ |η1 i−|η2 i. We have for any projector
P,
|hη1 |P |η1 i − hη2 |P |η2 i| ≤ 2kU − Ck.
(1.9)
Since hη|P |ηi corresponds to the probability of getting certain outcome during a measurement, we know that when C and U are -close, the probability distribution of measurement
outcomes will also be close. This theorem can be proved easily:

10
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Proof.
|hη1 |P |η1 i − hη2 |P |η2 i| ≤ |hη1 |P |∆i + h∆|P |η2 i|

(1.10)

≤ |hη1 |P |∆i| + |h∆|P |η2 i|

(1.11)

≤ 2k|∆ik

(1.12)

≤ 2kU − Ck

(1.13)

The concept of universality also appears in classical computation, where people have shown
that with the logical operation AND and NOT we can do all classical computation. This is
basically the reason that we can use the same chips in our computer to run different kinds of
softwares. Also, Toffoli gate (1.6) alone is universal for classical computation.
Surprisingly, while the Hilbert space is much larger then classical world, it is fairly easy to
find a universal set of quantum gates. we have the following theorem:
Example 1.2.3. H,S,CN OT form a universal set of gates.
The proof of this can be seen in [7]. The outline of the proof is showing H and S is
capable to approximate any single qubit gate, and together with CNOT any unitary operator
can be approximated. However, CNOT is far from the only 2-local gate which makes quantum
computation work. In [23], a necessary condition for a set of gates to be universal is presented,
as following:
Theorem 1.2.4. Define 2-local gate P to be P |xi|yi = |yi|xi. Then the set SU (2), containing
all single qubit gates, plus any single 2-qubit gate that cannot be written as U1 ⊗U2 and U1 ⊗U2 P ,
is a universal set of gates.
In the above theorem, U1 and U2 are arbitrary single qubit gates. A direct consequence of
this is all single qubit gates, together with any 2 qubit gate which can generate entangled states
from product states, are a universal set of gates. Here a two qubit entangled state is a pure
state which cannot be written as a product state |α1 i ⊗ |α2 i, and it is clear that a gate able
to generate entangled state cannot be of the form U1 ⊗ U2 (or U1 ⊗ U2 P ). So to implement
quantum computation in experiments, we only need to have some non-trivial interaction between
two qubits as well as the full control on each single qubit. This is not a very high requirement.
The reason people still have not built a large quantum computer is due to the errors during the
computation process.
Moreover, Solovay-Kitaev algorithm [24] guarantees under some condition, any k-local gates
can be approximated with a high accuracy efficiently by 2-local gates. Here “efficiently” means
the gates needed to approximate a k-local gate scales O(log 4 ) with the accuracy , and k is
treated as a constant here.
Theorem 1.2.5. Let G be a universal set of 2-local gates, with the condition that U ∈ G ⇔
U † ∈ G. Let k be any constant, then there is an efficient algorithm that for any k-local gate V
and  > 0, a sequence Uj ∈ G with 1 ≤ j < q = O(log 4 ) can be found, such that
k

Y
1≤j≤q

Uj − V k < .

(1.14)

1.3. VARIANTS OF QUANTUM COMPUTATION

11

•

1
2
C

Figure 1.2: The structure of circuit C 0
Again, the norm here is the spectral norm. Together with the discussion above, we know that
O(2poly(k) , log ) gates are needed to approximate a k-local gate with error . As an application,
we can show that with a universal set of quantum gates, we can achieve classical computation
efficiently. To prove this, we need the fact that Toffoli gate (1.6) is universal for classical
computation. In fact, for any boolean function family f : {0, 1}n → {0, 1]} that can be computed
in poly(n) time, there is a poly(n) size circuit with only Toffoli gates that maps input (x, y)
to (x, y + f (x)) [7]. Since Toffoli gate is also a unitary quantum gate, each Toffoli gate can
be replaced by poly(n) gates from the universal set with a exponentially small error in n, we
conclude that quantum circuits can approximate any classical computation with at most a
poly(n) overhead.

1.3

Variants of quantum computation

There are many variants of the standard quantum circuit definition. For example, we can
use qutrits (3-level systems) instead of qubits, or use 3-qubit gates instead of 2-qubit gates.
However, it is not hard to show that all these variants can be simulated by the standard circuits
with at most a polynomial overhead, and a polynomial difference is usually not considered to
be substantial (see chapter 2). Also, we can do multi-qubit measurement in the end of circuit
with some post processing on classical computer. This issue is again not essential here for two
reasons. First in complexity theory, decision problems, which solution is only 0 or 1, are of the
main interest (see chapter 2 for more discussion). Moreover, the classical post processing can
also be done in the quantum circuit before measurement. Here we will use a simple example to
illustrate how this can be done in principle.
Example 1.3.1. Let C be a quantum circuit. We do a measurement on the first two qubits in
the computational basis, and let the result be x1 and x2 . Then we output the binary sum x1 ⊕ x2 .
This procedure can be turned into another circuit C 0 with a single qubit measurement.
We can construct C 0 from C as figure 1.2. Assume that after circuit C, the final state is
|ψi =α00 |0i1 |0i2 |ψ00 i + α01 |0i1 |1i2 |ψ01 i
+ α10 |1i1 |0i2 |ψ10 i + α11 |1i1 |1i2 |ψ11 i
X
=
αx1 x2 |x1 i1 |x2 i2 |ψx1 x2 i

(1.15)
(1.16)
(1.17)

x1 ,x2

Here the first two qubit 1 and 2 are measured in the original circuit C, and the probability to get
x1 x2 is |αx1 x2 |2 . For circuit C 0 , instead of doing the measurement on qubit 1 and 2 immediately,
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we apply a CNOT gate on these two qubits, controlled on qubit 1. The state becomes
X
αx1 x2 |x1 i1 |x1 ⊕ x2 i2 |ψx1 x2 i.

(1.18)

x1 ,x2

Now if we measure the qubit 2, we get the outcome 0 with probability
p = |α00 |2 + |α11 |2 ,

(1.19)

which is exactly the same probability of getting 0 when running circuit C and classical postprocessing. This procedure can be easily generalized to the case with general classical postprocessing, since we can always replace the classical computation part with an approximate
quantum circuit before the measurement, and then use a similar argument as above.
Circuit model is far from the only way of doing quantum computation. Two of the alternatives are measurement based quantum computation [25] and adiabatic quantum computation
[26]. In the following subsections we will give a very brief introduction to these two models, and
some basic ideas of how to show they are equivalent to the circuit model. Interested readers are
suggested to read the references, since details are missing in our treatment. The reader may
also skip these two subsection during the first reading of this thesis, since they are somewhat
disconnected from the main text.

1.3.1

Measurement based quantum computation (MBQC)

In the quantum circuit model, we apply a sequence of gates on some product input state, and
which gates we apply depend on the specific problem. The scheme of MBQC is very different.
In MBQC, instead of having a product state as input, we have an entangled cluster state;
and instead of having different circuits for different problems, we have a different measurement
patterns of single qubit measurements. A measurement pattern includes the time order of
measuring individual qubits, and how the measurement basis is chosen, which may depends on
previous outcomes.
More precisely, the qubits in MBQC are usually arranged as a square lattice. Except for
input qubits, all others are initialized to state |0i. To obtain the cluster state, we first apply
Hadamard gates on every qubit (except input), and then apply control-phase gates on each pair
of adjacent qubits. To see how MBQC can achieve universal quantum computation, first we
look at a simple example. Consider the state (α|0i + β|1i)|0i. After applying Hadamard gate
on the second qubit and a control-phase gate, we get
|ψi = α|0i|+i + β|1i|−i,
√1 (|0i + |1i) and |−i = √1 (|0i
2
2
{ √12 (|0i ± eiφ |1i), the second qubit will

(1.20)

where |+i =

− |1i). Then by measuring the first qubit in the

basis

be projected to

X m HUz (φ)(α|0i + β|1i),

(1.21)

where m = 1 if the first qubit is projected into { √12 (|0i−eiφ |1i), and m = 0 otherwise. Assuming
that m is always equal to 0, then we have a way to implement single qubit gate HUz (φ). This
procedure can be concatenated to achieve any one qubit gate by using different φ each time.
To address the X m error, we need to do adaptive measurements, which are measurements
with basis depend on the previous measurement outcomes. Again use the example of single
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qubit gate above. Assuming we want to obtain the state HUz (φ2 )HUz (φ1 )|0i, and we get an
X error when we do the first measurement. In this case we end up with XHUz (φ1 )|0i ≡ X|ψi
after the first measurement. By noticing that XZ = −ZX and HX = ZH, we can set the
second gate to be HUz (−φ2 ) instead of HUz (φ2 ). So now assuming we do not have an X error
when we do the second measurement, we will end up with
HUz (−φ2 )X|ψi = ZHUz (φ2 )|ψi.

(1.22)

Therefore we can obtain the desired states with some possible Pauli errors (i.e., errors in the
form of X, Y, Z and some constants). It is not hard to see by the same technique we can
implement all single qubit gates with Pauli errors. Note that if the final measurement of the
computation is done in the Z basis, then we can recover the desired output distribution even
when we have some known Pauli errors. For example, if the outcome is 1 and we know there is
an X or Y error on the qubit, then we can record 0 as the actual outcome.
Note that the above implementation of single qubit gates also give us a way to transfer
certain states from one place to another on the square lattice. By theorem 1.2.4, we only need
control-phase gates to achieve universal computation. However, notice that to make cluster
state, we have applied control-phase gates on all adjacent qubits. It can be shown that we can
achieve control-phase operation in MBQC by using these control-phase gates. The basic idea is
to use the fact that control-phase gates commute with measurements on other qubits. We can
change the order of operations as following:
1. We do measurements on other qubits (as above), transfer two state |ψi, |ϕi to two adjacent
qubits.
2. Apply the control-phase gate on these two qubits.
3. Measure these two qubits in suitable basis, transfer the two states to other sites of the
lattice.
Note that Pauli operators can propagate through CZ gates in a similar way they propagate
through H gates. In fact, CZ and H both belongs to the so called Clifford operations, which we
will describe in more detail later. By all of these ingredients, we can achieve universal quantum
computation with MBQC.

1.3.2

Adiabatic quantum computation

Compared to quantum circuits or MBQC, adiabatic quantum computation [26] has a very
different setting. The idea is trying to reach the ground state of a local Hamiltonian which
encodes the solution of certain problem. While it is very easy to encode hard computational
problems into ground states (see [26] for example), there is no universal way to cool the system
to the ground state for different Hamiltonians, and this should not be considered as a simple
task.
The adiabatic theorem give us a consistent way to achieve this. It states that for a system
starting in the ground state of its Hamiltonian H0 , if the Hamiltonian changes slowly enough
and the gap between ground state and other eigenstate is larger then some constant, then the
system will end in the ground state of the final Hamiltonian H1 . So we can choose the initial
Hamiltonian to have an easy to prepare ground state, e.g. |00 · · · 0i, and slowly evolve it to the
desired Hamiltonian. This is often done in a linear way, by setting H(t) = (1 − t)H0 + tH1 for
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0 ≤ t ≤ 1. We know that this procedure is efficient if it can be shown that the gap does not get
too small. More precisely, one version of the adiabatic theorem states [27]
Theorem 1.3.2. Let H(s), 0 ≤ s ≤ 1, be a time dependent Hamiltonian. Let ψ(s) be one of
its eigenstates, and let γ(s) be the corresponding eigenvalue. Assume that for any s ∈ [0, 1], all
other eigenvalues of H(s) are either smaller than γ(s) − λ or larger than γ(s) + λ. Consider
the adiabatic evolution given by H and ψ applied for time T . Then, the following condition is
enough to guarantee that the final state is at distance at most δ from ψ(1):
105
T ≥ 2 max
δ



kH 0 k3 kH 0 k · kH 00 k
,
λ4
λ


.

(1.23)

While this looks like a total different model than the circuit model, it can be proved that
if the Hamiltonians during the adiabatic process is local, then the computational power of
adiabatic computation and circuit model are equal [28]. This furthermore confirms that circuit
model is a suitable model to study the power of quantum computation.
The proof in [28] is quite complex. Here we will give a brief review of how to transform a
(polynomial size) quantum circuit into an adiabatic quantum computation.
The first difficulty we met is that to do adiabatic quantum computation, we need to know the
final state |ψi before we can assign a Hamiltonian for it. However, the state |ψi is computed by
the quantum circuit, which means it is very hard to have a description for |ψi on the classical
computer. This difficulty is solved by realizing we do not need the final state of adiabatic
computation to be the exactly same final state of the quantum circuit: they only need to have
some reasonable overlap. More precisely, assume the 2-local gates in the circuit to be U1 , · · · UL ,
and the states after lth gate to be |α(l)i. Then we set the final state of the adiabatic quantum
computation to be
1 X
|ηi = √
|α(l)i ⊗ |1l 0L−l ic ,
(1.24)
L 0≤l≤L
where |1l 0L−l ic has first l qubits to be |1i and the other L − l qubits to be |0i (the c here
stands for clock). We will call qubits in |1l 0L−l ic clock qubits, since they serve as the label
of which step |α(l)i is in the quantum circuit. Assuming we can reach state (1.24), then we
can first measure the clock qubits. If they are in the state |1L i, then other qubits will end
up being |α(L)i, which is the final state of the quantum circuit. This procedure succeed with
1
a probability L+1
. Therefore we only need to repeat this procedure poly(L) times to have a
very high success probability, which is considered to be efficient (see the next section for more
discussion on efficiency).
The initial and final Hamiltonian H0 and H1 are designed in such a way that they give
penalty to states do not have the desired form. For the initial Hamiltonian H0 , we can set it to
be
H0 = Hclockinit + Hinput + Hclock .

(1.25)

Noting that we set H0 in this way not only to ensure the ground state to be in state |0n i ⊗ |0L ic ,
but also for later use. Hinput is used to ensure at step 0, |α(0)i = |0n i. This is achieved by
setting
X
Hinput =
|1ih1|j ⊗ |0ih0|c1 ,
(1.26)
1≤j≤n
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where |1ih1|j act on the jth qubit of |αi and |0ih0|c1 acts on the first clock qubit. Hclock is used
to ensure the clock qubits are in the form |1l 0L−l ic :
X
Hclock =
|01ih01|cl,l+1 .
(1.27)
1≤l≤L

So if any 0 and 1 in the clock qubits are in the reverse order 01, the state will receive an energy
penalty. Hclockinit is to make sure the clock qubits starting with |0L i, which simply is
Hclockinit = |1ih1|c1 .

(1.28)

Similarly, we break down H1 into three parts:
H1 =

1 X
Hl + Hinput + Hclock ,
2

(1.29)

1≤l≤L

where Hinput , Hclock is the same as in H0 . The Hamiltonian Hl is used to check whether
Ul+1 |α(l)i = |α(l + 1)i:
Hl =I ⊗ |100ih100|cl−1.l,l+1 − Ul ⊗ |110ih100|cl−1.l,l+1
−

Ul†

⊗ |100ih110|cl−1.l,l+1 + I ⊗ |110ih110|cl−1.l,l+1 .

(1.30)
(1.31)

It can be verified that |ηi in equation (1.24) is a ground state of H1 . It remains to be check
that |ηi is the only ground state and during the adiabatic process H(t) = (1 − t)H0 + tH1 the
gap do not get too small. These two parts are very technical. So we refer the readers to the
original paper if interested.
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Chapter 2

Introduction to Computational
Complexity
The main reason of building a quantum computer is the hope that quantum computers can
outperform classical ones. Indeed Shor’s algorithm gives us evidence to support this conjecture.
In this section we introduce the framework of complexity theory, which will give us a rigorous
definition of what ”outperform” means.
Computational complexity theory divides problems into many subclasses. From this perspective, it provides a coarse-graining of computational problems. This is much needed when we
study some complex problems. For instance, while it is possible to calculate how many steps are
necessary to add two numbers, it is neither possible nor necessary to know exactly how many
steps are needed for Google to perform a single search. Indeed, it is already very hard to do this
for some simple tasks. As an example, calculating the minimum steps required to do matrix
multiplication has been an open problem for decades. In complexity theory, when dealing with
some unfamiliar problems, we first try to sort them into those well studied subclass, which in
turn let us know a lot of important properties of the problems.
In complexity theory, decision problems (i.e., output consists only a single bit 0 or 1) is of
the most interest. When the output is 1, we say that the input is accepted or it has a positive
answer. Many problems can be reduced to the form of decision problems.
The class of decision problems that can be solved efficiently by classical computer is considered to be class P. It consists of problems that have algorithms running in polynomial steps (of
input size). Here “one step” means an elementary operation, e.g. a Toffoli gate. One good way
to understand this is using the analogue to the desktop computers: one step corresponds to a
basic operation in computer language like C. A rigorous definition of P would involve the use
of Turing machine (see [7] for the detailed discussion). The reason polynomial time is regarded
as efficiency is polynomial grows relatively slow when input size n gets bigger, especially when
compared to the growth speed of exponential. Another empirical reason is that most useful
polynomial time algorithms run in a time of small exponent of n. That is, it is very hard to
find a natural problem in P that takes O(n20 ) time to solve.
On the other hand, a lot of realistic problems that are not known to have a polynomial time
algorithm are in the class NP, which are the decision problems that can be verified efficiently.
More precisely, when a decision problem in NP has positive answer, there is a polynomial length
string that allows to verify that the answer is indeed positive by a polynomial time algorithm.
Informally, the relation between P and NP is like the relation of proving theorem and checking
17
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whether the proof is valid. As an example, while it is extremely hard to find the proof for
Fermat’s last theorem, many mathematicians can check the proof in a reasonable time after it
is found. Another example of a problem in NP is the factoring problem, which has a very close
relation to quantum computation.
Example 2.0.3. The factoring problem is given a number N = x1 x2 · · · xn , we find its unique
decomposition
(2.1)
N = pj11 pj22 · · · pjl l .
Here x1 x2 · · · xn is the binary representation of N , and p1 , · · · , pl is a set of prime number. It
can be transformed into a decision problem F in the following way. The decision problem F is
that given a number N and an integer k, the output is the kth last digit of N ’s smallest prime
divisor p. For example, if k = 2 and p = y1 y2 · · · ym , then the output is ym−1 . If here k > m,
the output is simply 0. It can be seen that we only need solve problem F polynomial times to
get the decomposition (2.1), by getting the prime divisor p of N and then solving F with the
number N/p. This means if we can solve the decision problem F efficiently, we can also do
factoring efficiently.
It is worth noting that when we say we solve F efficiently, we mean solve F in poly(n) time
rather then poly(N ) time, since the input size of N = x1 x2 · · · xn is n. Indeed, it is very easy to
find an algorithm in poly(N ) time, while people do not know whether there is an algorithm in
poly(n) time. However, it can be seen that the factoring problem F in NP, since the smallest
divisor p of the number N can serve as a certificate. (This also relies on the fact that checking
whether a number is prime is in P)
It is easy to notice that P⊆NP, since for any problem in P, we can “verify” it has a positive
answer by solving the problem directly. Thus it is not guaranteed that a problem is hard when
it is in NP. To capture the hardness of NP, people introduce the class NP-Complete to be
the class of hardest problems in NP, in the sense that if you can solve one of them efficiently,
you can solve all problems in NP efficiently. It is guaranteed in [29] that there exist problems
in NP-Complete. Here is an example of NP-Complete problem [30]
Example 2.0.4. 3SAT is a problem that asks whether certain boolean equation can have value
1 (also termed as whether the boolean function can be satisfied). For a set of boolean variables
x1 , · · · , xn , an instance of 3SAT problems can be written as
(¬u11 xw11 ∨ ¬u12 xw12 ∨ ¬u13 xw13 ) ∧ · · · ∧ (¬um1 xwm1 ∨ ¬um2 xwm2 ∨ ¬um3 xwm3 ),

(2.2)

where ujk = 0, 1, 1 ≤ wjk ≤ n, ¬0 x = x and ¬1 x = ¬x is the negation. ∨ and ∧ is the OR and
AND operation respectively. Then the question is whether there are x1 , · · · , xn such that value
of (2.2) is 1.
It is easy to see that when there exist an assignment of {xj } that satisfies the boolean
formula, there is a string that let us verify this fact, namely the values of {xj }. To prove it is
complete for NP is much harder, see [30].
At first sight, the fact 3SAT is NP-Complete is not very interesting. However, for example,
if we can solve 3SAT efficiently, we can also solve the factoring problem efficiently, even though
they do not seem to have any connection at all! Up to now, hundreds of NP-Complete
problems have been found, and none of them is known to be solved by a polynomial time
algorithm. This leads people to believe P6=NP, while in the same time people failed to prove it
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for decades. This open problem carries huge importance, for many practical problems belongs
to NP-Complete.
Probabilistic algorithms, on the other hand, output right answer with some probability.
To be a useful algorithm, however, the success probability cannot be arbitrary close to 12 . In
particular, BPP is the probabilistic version of P. Compared to P, there is an additional source
of fair coins, and the requirement that the algorithm output the right answer with probability
2
n
3 . More precisely, a family of function fn (x) : {0, 1} → {0, 1} is in BPP when there exist
a family of function gn (x, y) in P, such that when y is set to be a random binary string,
P (fn (x) = gn (x, y)) ≤ 2/3. Here y is of length poly(n). To see how randomness may help to do
computation, we give an example here, albeit not for a decision problem.
Example 2.0.5. Consider the task of evaluating the integral
Z 1
f (x)dx

(2.3)

0

when given a function f . A standard way of doing this is choosing a set of points xj = j/n, 1 ≤
j ≤ n and computing the sum
1X
f (xj ).
(2.4)
n
j≤n

However, this method will fail for functions like f (x) = sin2 nπx, which has a periodic structure.
Indeed, for any choice of xj , there will always be some family of functions having a poor result
when we use equation (2.4) to evaluate their integral. One way around this is to choose xj
randomly. We can still get unlucky by choosing bad xj , but there will not be systematic error in
this case.
Quantum computers clearly have a probabilistic nature. So the class BQP, which consists
the problems that can be solved by quantum computers efficiently, are defined in a similar way
as BPP:
Definition 2.0.6. The class BQP consists of decision problems that can be solved by a uniform
family of polynomial size 2-local quantum circuits (each with a single qubit measurement). Here
”solve” means the quantum circuits output the correct solution with probability larger then 2/3.
Now we can discuss some evidence that indicate quantum computers might outperform
classical ones, in a formal way. First it can be shown that P ⊆ BQP. This is because Toffoli
gate, which is universal for classical computation, can be implemented in quantum circuits
efficiently. Conversely, several evidence suggest that the inclusion is strict.
Example 2.0.7. Shor’s algorithm [3] is an efficient quantum algorithm for factoring natural
numbers, while no such classical algorithm is known. Apart from indicating P might not equal
to BQP, it also break the widely used RSA cryptography scheme.
Most evidence is given in the form of an oracle problem (or black-box problem). Simon’s
algorithm is one of them.
Example 2.0.8. Simon’s algorithm is a quantum algorithm which solves a black-box problem
exponentially faster than any classical algorithm. The problem is the following: given a function
f : {0, 1}n → {0, 1}n , which is implemented by a black box. It is promised that for a string
s ∈ {0, 1}n , f (x) = f (y) if and only if x = y or x ⊕ y = s, for all x and y. The objective
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#P
NP

P

BQP

PSpace
Figure 2.1: The hierarchy of complexity class. The relation between NP and BQP is still
unknown. Also #P is not a class of decision problems, so the inclusion here only represent the
level of hardness.
is to find s. Simon’s algorithm only need to access to the black box polynomial times, while it
can be proven that classical algorithms need to access the box exponential times, thus provide an
exponential separation between classical and quantum algorithms in this case.
The algorithm is rather simple, nevertheless it is the prototype of many quantum algorithms.
Therefore we will give the outline here. First we shall have a more precise definition of the black
box. In the classical case, the box will take binary string (x, y) as input and output (x, y ⊕f (x)).
Correspondingly, in the quantum case, the box is a unitary transformation that maps |x, yi to
|x, y ⊕ f (x)i. The routine of the algorithm is the following:
• Initiate 2n qubits to state |0i|0i, each |0i is n qubits in the 0 state.
• Apply Hadamard gates to first n qubits. The state ends up with
the sum of x is taken over all binary string of length n.

√1
2n

P

x |xi|0i,

where

• Apply the
P black box on the state. By the definition of the box, the state is transformed
to √12n x |xi|f (x)i
• Act Hadamard gates on first n qubits again. The state becomes
where x and y are both summed over all binary strings.

1
2n

P

x·y |yi|f (x)i,
x,y (−1)

• Measure the first n qubits.
Now assume s 6= 0, the coefficient of |yi|f (x)i in the final state is (−1)x·y + (−1)(x+s)·y . Thereby
the y we measured in the end distribute uniformly in the subspace of y · s = 0. Assume that
we have run the circuit k + 1 times and obtain y1 , · · · , yk+1 . If A = span{y1 , · · · yk } is not the
whole n − 1 dimension subspace orthogonal to s in Zn2 , the probability of yk+1 not belonging to
A is at least 1/2. Thus, by running the circuit k =poly(n) times, we will have the subspace A
to be the whole subspace orthogonal to s with a high probability, and from A we can obtain s.
Though Simon’s algorithm shows for certain computational tasks quantum algorithms can
outperform their classical counterpart, it does not help much in proving P 6= BQP. The reason
is that the black box in the Simon’s algorithm hides some of the structure of the problem. For
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example, consider the problem of checking whether a number is prime. If instead of being given
the number N , we are only given an upper bound M of N and a black box which tells you
whether a number k is a factor of N . It is easy to see, in this case, we have to use the black
box at least for every p2 < M to make sure N is a prime. In contrast to the normal efficient
primality test algorithm, this procedure is not efficient.
In fact, proving the statement P 6= BQP would solve some long-standing open problem
about complexity theory. To see this, we need first introduce the complexity class PSPACE.
PSPACE is the class of decision problem that can be solved with a polynomial large space.
For example, the space a computer program uses is the part of memory and hard driver it reads
and writes during the whole process. Since PSPACE does not have any restriction of time,
it can contain extremely hard problems. Indeed, it can be readily seen that NP ⊆ PSPACE,
by the fact that we can check all possible solution in a 3SAT problem in polynomial space.
However, even though most people believe P 6= PSPACE, for about 30 years no one succeed
in proving it. Now we will show that P 6= BQP would imply P 6= PSPACE, by proving the
following theorem:
Theorem 2.0.9. BQP ⊆ PSPACE
Proof. Assume the quantum circuit C has the form C = U1 U2 · · · Um , where Uj are unitary
operators on 2 qubits. The state is initialized in some computational basis |xi. In the end of
circuit we measure the first qubit in the computational basis. Thus, the expectation value of
the measurement is
†
hx|Um
· · · U1† ZU1 · · · Um |xi
(2.5)
P2n
We can insert I = xj =1 |xj ihxj | between every two operators in the equation, results in
X

†
hx|Um
|x1 ihx1 | · · · hxm+1 |Z|xm+2 ihxm+2 |U1 |xm+3 i · · · hx2m+2 |Um |xi

(2.6)

x1 ···x2m+2

It is easy to see that each term in the summation can be calculated using polynomially large
space, and the summation can be done term by term. Thus the calculation of expectation value
can be done in a polynomially large space. Whether x is accepted can be decided based on the
expectation value.
Another class, called #P, will serve to prove some hardness results in the thesis. It contains
counting problems that associated with problems in NP. For example, ”How many solutions
does a 3SAT instance have?” belongs to #P. In fact, if fn (x) : {0, 1}n → {0, 1} are a set of
function that can be computed in poly(n) time, then finding the value of
X
f (x)
(2.7)
x∈{0,1}n

is a #P-Complete problem. Unlike other complexity class we mentioned above, #P is not a
class of decision problems, i.e. its solution is a natural number. While this means we cannot
write any inclusion like ”NP⊂#P”, it is true that if we can solve a problem in #P-Complete,
then we can solve all NP problems. To see this fact, we can encode the number of solutions to
a 3SAT problem in equation (2.7). So if we can calculate the sum efficiently, we can also tell
whether there exist a solution to that 3SAT problem, which is a problem in NP-Complete.
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Chapter 3

Classical simulation of quantum
circuits
In chapter 2 we have seen that it is very hard to make any assertion on the power of BQP,
yet the question is of huge importance. In this chapter, we try to understand what empowers
quantum computation, by investigating some subclass of quantum circuits. We will see some
of them can be simulated by a classical computer efficiently, though they can generate very
complex states. We will first discuss what classical simulation of quantum circuits means. Then
we will see several examples of quantum circuits which can be simulated efficiently by classical
means.

3.1

Definition of classical simulation

To find a definition for classical simulation is not an trivial task. Indeed, “classical simulation”
often has different meanings in different articles. Here are two types of classical simulation we
will encounter frequently in this thesis:
• Strong simulation: We say that a family of circuits Cn can be efficiently simulated classically in the strong sense if there exists a classical algorithm with runtime poly(n, log 1 )
which outputs a number E such that
|E − hZ1 i| ≤ .

(3.1)

Here Z1 is the Z operator on the first qubit, and hZ1 i is the expectation value of Z1 when
measured in the final state. Z1 can also replaced by some other operators when necessary.
Thus a strong simulation algorithm achieves an exponential accuracy  = 2−poly(n) in
poly(n) time.
• Weak simulation: We say that Cn can be efficiently simulated classically in the weak
sense if there exists a classical algorithm with runtime poly(n, 1 ) which outputs a number E satisfying (3.1). Thus a weak simulation algorithm achieves polynomial accuracy
 = 1/poly(n) in polynomial time. We will often allow weak simulations to fail with an
exponentially small probability. In this sense, we say that Cn can be efficiently simulated
classically in the weak sense if there exists a probabilistic classical algorithm with runtime
1
poly(n, 1 , log 1−p
) which outputs a number E satisfying (3.1) with probability p. Thus for
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polynomial accuracies and for success probabilities which are exponentially (in n) close to
1, the classical simulation runs in poly(n) time.

Note that in this thesis, when we say some circuit can be simulated, we always means it can be
simulated efficiently on a classical computer.
As suggested by their names, strong simulation is much harder to achieve then weak simulation. To this aspect, we first prove the following theorem.
Theorem 3.1.1. If we can simulate quantum circuits with H, S, CN OT strongly, we can solve
all #P problems efficiently.
Proof. We will show that we can encode #P-Complete problem (2.7) into quantum circuits.
Note that {H, S, S 7 , CN OT } satisfies condition of the Solovay-Kitaev algorithm, since S 8 = 1.
So by results in the end of section 1.2, we have for any fn : {0, 1}n → {0, 1} that can be
computed efficiently on a classical computer, there exists a poly(n, log 4 1 ) size quantum circuit
with {H, S, S 7 , CN OT } that realizes the following unitary transformation with error 1 :
|xi|yi → |xi|y + fn (x)i,

(3.2)

whereP
x is an n-bit string and y is a single bit. We can apply this quantum circuit to the initial
state x∈{0,1}n |xi|0i, resulting in
X

|xi|fn (x)i,

(3.3)

x∈{0,1}n

where the sum is over all binary strings. For a measurement on the last qubit with Z operator,
let the probability of getting state |1i to be p. By theorem 1.2.2, we know that the probability p
of the approximated quantum circuit satisfies |p − 21n #(fn (x) = 1)| < 21 , where #(fn (x) = 1)
is the number of x such that fn (x) = 1. By definition, if we can achieve strong simulation, we
can also calculate p with error 2 = 2−n−3 in polynomial time. By choosing 1 = 2−n−4 , we
can then calculate 21n #(fn (x) = 1) with error 2 = 2−n−2 . With this error, we can determine
#(fn (x) = 1) exactly, since it is an integer.
This theorem indicates that for a circuit that can be simulated strongly, we can compute the
expectation value faster on a classical computer then using the circuit itself. Intuitively, strong
simulation is more powerful then quantum circuit itself because sampling can not guarantee a
exponential accuracy. Here is an example:
Example 3.1.2. Let X be the random variable associated with a measurement, which satisfies
p(X = 1) = e−n and p(X = 0) = 1 − e−n . Thus E(X) = e−n . We can sample from X to
estimate E(X) with the formula
1 X
X=
Xj
(3.4)
k
1≤j≤k

If we want the error to be at most 12 e−n , we have to sample exponentially many times in n to
make the denominator in above equation large enough. Therefore we need to run the circuit exponentially many times. However, if the circuit can be simulated strongly, then we can calculate
E(X) with exponentially small error in poly(n) time.
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On the other hand, weak simulation of a quantum circuit yields the same accuracies as
running the circuit poly(n) times. To prove this, we need the Chernoff-Hoeffding bound, which is
a tool to bound how accurately the expectation value of a random variable may be approximated
using of “sample averages”. Let X1 , . . . XK be i.i.d. real-valued random variables with E := EXi
and Xi ∈ [−1, 1] for every i = 1, . . . , K. Then the Chernoff-Hoeffding bound asserts that
(
)
K
K2
1 X
Prob
Xi − E ≤  ≥ 1 − 2e− 4 .
(3.5)
K
i=1

For complex-valued Xi a similar bound can be obtained for |Xi | ≤ 1. Now consider an n-qubit
quantum circuit family Cn followed by measurement of Z1 . Suppose that the circuit runs K
times, yielding P
an outcome zi ∈ {1, −1} in each run. Using equation (3.5) one shows that the
number E := [ zi ]/K, where the sum is over all i = 1 · · · K, satisfies |E − hZ1 i| ≤  with
2
probability p ≥ 1 − 2e−K /4 . Consequently, for any  = 1/poly(n) there exists a suitable K =
poly(n) such that |E−hZ1 i| ≤  holds with probability p exponentially close to 1. In other words,
the above procedure allows to achieve a polynomial approximation of hZ1 i in polynomial time
with exponentially small probability of failure. This performance of the quantum computation
corresponds precisely to the performance required of weak classical simulations.
In summary, the strong simulation seems to have an overly strong requirement on accuracy,
especially compared to the weak simulation. However, for most classes of circuits that we
know how to simulate classically, we can simulate them strongly, as we will see in the following
sections. Additionally, it is very difficult to prove certain class of circuits is hard to simulate
weakly, because it is very close to proving P6=BQP. For this purpose strong simulation is often
a nice starting point.

3.2
3.2.1

Examples of classical simulation
Quantum computation with ”little entanglement” can be simulated
strongly

In this subsection, we will follow the paper by Jozsa and Linden [10] and show that if during
each step of a quantum circuit, the entanglement is always ”limited”, then we can simulate
the circuit strongly. One thing should be kept in mind is that entanglement measures are far
from unique. Here when we say the entanglement is limited, we mean that at each step of the
quantum circuit the state is p-blocked, which is defined as follows:
Definition 3.2.1. Let |ψi be a state of m qubits where the qubits are labelled by B = {1, 2, . . . , m}.
|ψi is p-blocked if B can be partitioned in to subsets of size at most p:
B = B1 ∪ B2 ∪ . . . ∪ BK

|Bj | ≤ p

(3.6)

and |ψi is a product state for this partition:
|ψi = |ψi1 ⊗ |ψi2 ⊗ · · · |ψiK

(3.7)

where |ψij is a state of qubits in Bj only.
Needless to say, a p-blocked states has some constraint on the entanglement it can have (e.g.,
a 1-blocked state is simply a product state). Now we can formulate the theorem as following:
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Theorem 3.2.2. For a family of polynomial size quantum circuits with 2-local gates and product
states as input, if we have the promise that at each step of a circuit, the state is p-blocked, then
the final state can be calculated efficiently. Here p is treated as a constant.
We note that in this theorem, it is not required that the gates are chosen from a finite set,
as long as they can be described efficiently.
Proof. The basic idea of this proof is to update the state each time a gate is applied. This is
possible because in contrast to a general quantum state, a p-blocked state can be stored on a
classical computer efficiently. The update procedure can be done as following. Suppose before
gate U , the state can be written as
|ψi = |ψi1 ⊗ |ψi2 ⊗ · · · |ψiK .

(3.8)

Since U is a 2-local gate, it can act on at most 2 blocks of qubits. If U only acts on one block
|ψij , then we only need to update |ψij to U |ψij , which can be done efficiently. Now assume U
acts on 2 blocks, say |ψij and |ψil . We can first calculate |αi = U |ψij |ψil . By the promise, we
know either |αi contains not more then p qubits, or |αi can be written as a tensor product of two
states, which both contain not more then p qubits. Since p is a constant, we can find the tensor
product by brute-force search without worrying about efficiency: we can go through every way
of dividing |αi into two blocks that each has not more then p qubits, and check whether |αi is a
tensor product with respect to the partition. So we have shown that each update can be done
efficiently, and thus we are able to calculate the final state.
An immediate corollary is we can do strong simulation with circuits of this kind. We note
that the theorem can be generalized to the case where the state is only approximately p-blocked
(see [10, 11]). This means the gates do not need to be described exactly in order for the circuits
to be simulated.

3.2.2

”Little entanglement” is enough for quantum computation

Although we have just proved that quantum speed-up cannot achieved by p-blocked states,
we shall still be cautious to make any assertion about the role of entanglement in quantum
computation. A recent paper [31] has shown that universal quantum computation can be done
with very little entanglement, judged by several entanglement measures. Here we will prove the
result for the Von Neumann entropy.
Definition 3.2.3. Suppose |ψi is a n-qubit pure state. For a bipartition of n qubits into {A, B},
the corresponding Von Neumann entropy is
S(ρA ) = tr(ρA log2 ρA ),

(3.9)

where ρA = trB (|ψihψ|). Von Neumann entropy is a measure of entanglement for pure state in
the sense that
• it equals to zero only when the system is tensor product of subsystem A and B,
• it is invariant under local unitary operators, that is, operators of system A or operators
of system B.
Some preliminaries are needed before the proof.
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Definition 3.2.4. The trace distance between quantum states ρ and σ is
1
D(ρ, σ) ≡ tr|ρ − σ|,
2
where |A| ≡

√

(3.10)

A† A.

Trace distance has a very nice property that any physical operation cannot increase the
distance between two states. Especially, we have
D(trA ρ, trA σ) ≤ D(ρ, σ),

(3.11)

which says partial trace cannot increase distance between two states. The following theorem
[32] about continuity of Von Neumann entropy will also be used in our proof:
Theorem 3.2.5. Let D = D(ρ, σ), where ρ and σ are density matrix of dimension d. Then as
long as D ≤ 1/(2e), one has
|S(ρ) − S(σ)| ≤ 2D log2 (d) − 2D log2 (2D).

(3.12)

Now we can state and prove the main theorem:
Theorem 3.2.6. Consider a set of numbers {δn } that decrease polynomially, say δn = 1/poly(n).
Then it is always possible to efficiently solve every problem in BQP even when, throughout the
entire computation, the Von Neumann entropy of every n-qubit state is at most O(δn ) for every
bipartition.
Proof. The key idea of this proof is to show we can use a small neighbourhood of state |0i⊗n to
simulate normal quantum circuits. More precisely, for a quantum circuits C with n − 1 qubits,
we can start with
√
√
|0i⊗(n−1) ( 1 − |0i + |1i),
(3.13)
where  > 0 is some small constant. Then we can apply every gate in C on the first n − 1
qubits controlled on the last qubit being in state |1i. Hence the resulting circuit consists of
gates acting on at most three qubits. Using Ct to denote the product of the first t gates in C,
we have after t gates, the state becomes:
√
√
|ψt i = 1 − |0i⊗(n−1) |0i + Ct |0i⊗(n−1) |1i
(3.14)
After all m gates have been applied, a standard basis measurement on the first qubit is performed. The probability of it being 1 is q = p, where p is the probability of getting 1 from
the final state Cm |0i of the original circuit. Repeating the computation poly(n) times allows
to estimate q with accuracy 1/poly(n). So it suffice to run the circuit 1/2 times to obtain a
estimation of p with polynomial accuracy.
It remains to show that each |ψt i has a small Von Neumann entropy. Consider an arbitrary
bipartite split (A, B) of the system. Let ρt = |ψt ihψt | and σ = |0i⊗n h0|⊗n . By calculation, we
√
A
have D(ρt , σ) = . Denote ρA
from ρt and σ by tracing out all
t and σ as the state obtained
√
A
A
qubits in B. Using inequality (3.11), we have D(ρt , σ ) ≤ . We can always set  ≤ (2e)−2
to satisfy the condition of inequality (3.12), then we have
A
|S(ρA
t ) − S(σt )| ≤ 2D|A| − 2D log2 (2D),

(3.15)
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A
A
where D = D(ρA
t , σ ) and |A| denotes the number of qubits in A. Since S(σt ) = 0, the equation
above turns into
√
√
√
(3.16)
S(σtA ) ≤ 2 |A| − 2  log2 (2 ).

So for any {δn } that decrease polynomially with n, we can find some {n } that also decrease
polynomially to ensure S(σtA ) < δn , while at the same time we only need to run the circuit
poly(n) times to simulate the circuit C.

3.2.3

Gottesman-Knill theorem

Gottesman-Knill theorem [12] states that, for a standard quantum circuit (see definition 1.1.1),
if we only use gates from {H, CN OT, S 2 }, then we can simulate the measurement outcome
strongly. Since with these gates, we can generate states that are highly entangled, the proof in
section 3.2.1 will no longer work. To prove Gottesman-Knill theorem, we need exploit properties
of Pauli group and Clifford operation.
A Pauli operator on n qubits has the form P = αP1 ⊗ . . . ⊗ Pn , where α ∈ {±1, ±i} and
where each Pj is one of the Pauli matrices X, Y , Z or the identity. An n-qubit operator U is a
Clifford operation if U P U † is a Pauli operator for every Pauli operator P . For example, every
Pauli operator Q is a Clifford operation, since for any Pauli operator P , we have
QP Q† = ±P,

(3.17)

where the sign depends on whether Q and P commutes or anti-commutes. We can also verify
CNOT gate is a Clifford operation. For U being a CNOT gate acting on qubit 1 and 2, where
qubit 1 is the control qubit, we have
U X1 U † = X1 X2

(3.18)

U X2 U † = X2

(3.19)

†

U Z 1 U = Z1

(3.20)

U Z 2 U † = Z1 Z2

(3.21)

where Xj and Zj are the X and Z operator on qubit j. And by the fact any Pauli operator on
two qubits can be written as a product of X1 , X2 , Z1 , Z2 , we know that CNOT gate is a Clifford
operation.
The set of all n-qubit Clifford operations is a group, called the Clifford group. A Clifford
circuit is a quantum circuit composed of H, CN OT and P = S 2 = diag(1, i) and Pauli matrices.
It is known that every Clifford circuit realizes a Clifford operator, and for every Clifford operator,
we can find a (polynomial-size) Clifford circuit realizing the Clifford operator efficiently [33] .
Now we can show how to calculate the expectation value of a Z measurement after a Clifford
circuit C
hα|C † ZC|αi,
(3.22)
where |αi is any product state. C can be split into two part C = C1 U C2 , for some gate U in C.
Since C1 is again a Clifford operator, we know that C1† ZC1 is some Pauli operator P . Assuming
we can calculate P efficiently, it is easy to see we can also efficiently calculate
(C1 U )† ZC1 U = U † P U.

(3.23)

By induction, we can calculate the Pauli operator C † ZC efficiently. Thereby we can calculate
the expectation value (3.22).
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Strong simulation of nearest neighbour (n.n.) Matchgate circuits

n.n. Matchgate circuits is another class of circuits that can be strongly simulated, yet they can
generate non-trivial entanglement. Matchgates are 2-local quantum gates of the following form

a
0
G(A, B) = 
0
c

0
e
g
0

0
f
h
0


b
0

0
d





(3.24)

where


a b
A=
c d



e f
B=
g h

(3.25)

are both in SU (2). Thus A only affect the even subspace (i.e., the subspace spanned by |00i
and |11i), and B only affect the odd subspace. We have the following theorem [13]
Theorem 3.2.7. Consider any poly-sized quantum circuit family comprising only G(A, B) gates
such that
1. all G(A, B) gates only act on nearest neighbour qubits;
2. the input state is any product state;
3. the output is a measurement in the computational basis on the first qubit.
Then we can simulate the output strongly.
Here we follow the proof in [15]. First we need the formalism of Clifford algebras.
Definition 3.2.8. A Clifford algebra C2n has a set of 2n generators {cj }. Each cj is a
hermitian operator, and they satisfy
{cj , ck } ≡ cj ck + ck cj = 2δj,k I

j, k = 1, . . . , 2n

(3.26)

We also define a quadratic Hamiltonian H to be an element of C2n that has the form
H=i

X

hjk cj ck .

(3.27)

1≤j6=k≤2n

With the requirement that H = H † , we can assume the matrix h = {hjk } to be a real antisymmetric matrix. The following property is essential in the proof:
Theorem 3.2.9. Let H be a quadratic Hamiltonian defined as above, we have
e−iH cj eiH =

2n
X
k=1

where matrix R = e4h and ~c = [c1 c2 · · · c2n ]> .

Rjk ck = R~c,

(3.28)
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Proof. We set cj (t) = eiHt cj (0)e−iHt , where cj (0) = cj . Then cj (t) satisfies
dcj (t)
= i[H, cj (t)].
dt

(3.29)

By equation (3.26), we have [cj1 cj2 , ck ] = 0 if k 6= j1 , j2 and [cj ck , cj ] = −2cj . So
dcj (t) X
=
4hjk ck (t),
dt

(3.30)

k

and we know the solution of the above differential equation is
X
cj (t) =
Rjk (t)ck (0),

(3.31)

k

where R = e4ht . Since h is an antisymmetric matrix, we know that R is in SO(n). The proof
is finished by setting t = 1.
Moreover, we can deduce that
e−iH2 e−iH1 cj eiH1 e2iH2 = R(1) R(2)~c,

(3.32)

where R(j) is the matrix corresponding to Hj . The matrix multiplication can be done efficiently
because the dimension of R is only 2n.
Now we need a way to connect Clifford algebra to operators of qubits. This can be done via
the Jordan-Wigner representation:
c1 = XI . . . I

c3 = ZXI . . . I

···

c2k−1 = Z . . . ZXI . . . I

c2 = Y I . . . I

c4 = ZY I . . . I

···

c2k = Z . . . ZY I . . . I

···

···

(3.33)

where X and Y are in the kth slot for c2k−1 and c2k , and k ranges from 1 to n. It is straightforward to check these matrices satisfy the relations (3.26). With all these tools we can prove
the main theorem 3.2.7.
Proof. First we show that in the Jordan-Wigner representation (3.33), quadratic Hamiltonian
can implement all n.n. Matchgates. Consider just qubit lines 1 and 2 and corresponding
quadratic Hamiltonians which involve 6 possible terms:
−ic1 c2 = ZI

− ic2 c3 = XX

(3.34)

ic1 c3 = Y X

− ic2 c4 = XY

(3.35)

ic1 c4 = Y Y

− ic3 c4 = IZ

(3.36)
(3.37)

We want to show with quadratic Hamiltonians, we can generate all unitary operators in even(odd)
subspace. Notice that 21 (XX +Y Y ) and 12 (ZI −IZ) are the X and Z operator for odd subspace
(and map even subspace to 0). By the fact eiθ1 X eiθ2 Z eiθ3 X can generate all one qubit unitary
operators with determinant 1 [7], we know that we can generate SU (2) on odd subspace with
eiH1 eiH2 eiH3 . Here each Hj is a quadratic Hamiltonian. Similarly, we can generate all SU (2)
on even subspace. Hence we get precisely the G(A, B) gates for lines 1 and 2 as a product of
U = eiH with the quadratic Hamiltonian restricted to use of c1 , c2 , c3 , c4 only. Similarly for any
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pair of consecutive lines we can get all G(A, B), since all the Z operators in in equation (3.33)
that do not belong to the two lines cancelled in product cj ck .
For the quantum circuits described in theorem 3.2.7, the expectation value of measurement
outcome is
hψ|C † ZC|ψi,
(3.38)
where C is a n.n. matchgate circuit and |ψi is a product state. By the argument we had above,
we know C can be written as
Y
eiHj ≡ eiH1 · · · eiHm ,
(3.39)
C=
1≤j≤m

where Hj are quadratic. Since the Z operator on the first qubit Z1 = −ic1 c2 , equation (3.38)
can be rewritten as
− ihψ|C † c1 CC † c2 C|ψi.
(3.40)
C † c1 C is a linear sum of cj , which we can calculate efficiently using equation (3.32). The same
is true for C † c2 C. It is then straightforward to calculate the expectation value.

3.3

Tensor network techniques

In this section, we will follow the argument in [34], and show that quantum circuits with certain
topology can be simulated in the strong sense by using tensor network formalism. For a twocd by
qubit unitary operator U , we define its tensor Uab
cd
Uab
= ha|hb|U |ci|di,

(3.41)

where a, b, c, d ∈ {0, 1}. To see that this is indeed a tensor structure, first we calculate (V U )cd
ab
as an example, where V and U act on the same two qubits. We have
X ef
cd
,
(3.42)
Uab Vef
(V U )cd
ab =
ef

where the sum is over all possible combination of 0 and 1. For two gates only share a single
qubit (e.g., one of the input qubit of V is the output of U ), it can be shown in a similarly way
that they can be combined into a single gate by contracting the shared qubit. And to compute
the expectation of the measurement outcome for circuit C, we only need to contract the tensor
network
h0 · · · 0|C † ZC|0 · · · 0i,
(3.43)
where we have assumed that the measurement is the Z operator on the first qubit. However,
note that when we combine more and more gates into a single one, the combined gate may have
a large number of input and output qubits. Thus the storage and computation of these large
gates will not be efficient, since the number of components of the tensors will grow exponentially
with the number of qubits they act on.
So in order for the simulation to be efficient with this method, we need a way to contract
the tensor network while keeping the number of each tensor’s index small, or equivalent the
combined gate not acting on too many qubits. This cannot always be achieved for all kind of
circuits, since some of them are intrinsically hard to contract. To quantify this hardness, we
need the concept of treewidth in graph theory. It is a measure of how close a certain graph is to
a tree, and intuitively, a tree can be contracted efficiently without the issue we have discussed
above. We first need to introduce the tree decomposition.
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Figure 3.1: The way we arrange gates of a nearest neighbour circuit of constant depth into bags
Bj . Here we only illustrate B1 and B2 . A gate is in B1 (B2 ) if the whole gate is inside the square
of B1 (B2 ).
Definition 3.3.1. For a graph G, a tree decomposition is a tree Γ, together with a function that
maps each vertex w ∈ V (Γ) to a subset Bw ⊂ V (G). These subsets Bw are called bags, with the
following requirement:
• Each vertex must appear in at least one bag.
• For each edge, at least one bag must contain both of its end vertices.
• all bags containing a given vertex must be connected in Γ.
The width of such a decomposition is defined by maxw∈V (Γ) |Bw | − 1. The treewidth tw(G)
is the minimum width over its tree decompositions. Then we have the following theorem [34]
Theorem 3.3.2. Let C be a quantum circuit with T gates, and GC be the underlying graph of
tensor network (3.43). Then C can be simulated strongly in time T O(1) exp[O(tw(GC ))].
As an example, we will use this method to calculate h0 · · · 0|Cn |0 · · · 0i, where Cn are
constant-depth circuits with nearest neighbour gates. Constant depth circuits are circuits which
can be implemented in a constant time if any amount of gates which do not act on a common
qubit can be implemented simultaneously. For example, in figure 3.1 the depth of the circuit
(k)
is 9. Now Let Uj,j+1 being all the gates acting on qubit j or qubit j + 1. Since Cn have some
constant depth d, we know that the number of gates acting on each pair of qubit j and j + 1
is smaller then 2d. Then one tree decomposition of the underlying graph GC of circuit C is by
setting the bags Bj to be
(k)

Bj = {Uj,j+1 } j = 1, . . . , n − 1

(3.44)

where k is taken over all possible values (see figure 3.1). And the tree Γ is constructed by
connecting Bj to Bj+1 for all j. It is easy to verify that this tree decomposition satisfies all
requirement. So we have tw(GC ) < 2d, which means it is bounded by a constant. Thus by
theorem 3.3.2, we know that the contraction can be done efficiently
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Weak simulation

In this section we will see, following [16], a very large class of quantum circuits can be simulated
weakly. We start with an example. Recall in section 3.1.1 we have shown the circuits
X
|xi|fn (x)i
(3.45)
|0i|0i →
x∈{0,1}n

are unlikely to be simulated in the strong sense (the measurement is on the last qubit). However,
this type of circuits can be simulated in the weak sense via sampling. In more detail, the
probability of last qubit being |1i is
p=

1
#(fn (x) = 1),
2n

(3.46)

where #(fn (x) = 1) is the number of x such that fn (x) = 1. We can take x1 , · · · , xK from the
uniform distribution of {0, 1}n , and calculate
p0 =

1 X
f (xj )
K

(3.47)

1≤j≤K

as an approximation of the above probability (3.46). By Chernoff-Hoeffding bound, the error
|p − p0 | is of order 1/poly(K), which satisfies the weak simulation requirement.
To generalize this sampling technique to simulate more circuits, we need to introduce the
following concepts.

3.4.1

CT states

Consider a family of n-qubit states |ψn i ≡ |ψi specified in terms of some classical description,
say a quantum circuit preparing |ψi from the state |0i. |ψi is said to be computationally tractable
(CT) if
(a) it is possible to sample in poly(n) time with classical means from the probability distribution Prob(x) = |hx|ψi|2 on the set of n-bit strings x, and
(b) for any bit string x, the coefficient hx|ψi can be computed in poly(n) time on a classical
computer with exponential precision.
Here are some examples of computationally tractable states:
• Product states are CT
• For a poly-size uniform family of Clifford circuits {Cn }, the family of states {Cn |0i⊗n } is
CT. The two properties can be deduced from [12, 33].
• States obtained by applying a poly-size uniform family of n.n. Matchgate circuit to a
computation basis state are CT. Both properties can be found in [13]
We call U a monomial unitary operator if U has only one non-zero element per row and per
column. In other words, U always map a computational basis |xi to γ(x)|π(x)i, where γ(x) is
a phase and π(x) is a permutation of x. CT states have the following property:
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Theorem 3.4.1. For a monomial unitary operator U , if γ(x), π(x) and π −1 (x) can be computed
efficiently, then for any CT state |ψi, U |ψi is also a CT state.
Proof. It is straightforward to check U |ψi satisfies both properties of CT states. For property
(a), since the phase γ(x) does not affect the probability of getting |π(x)i, we can just sample
from the CT state |ψi to get x and then output π(x). For property (b), to calculate the
coefficient of |xi in U |ψi, we can first calculate the coefficient of |π −1 (x)i in state |ψi, and
multiply it by γ(π −1 (x)). All these calculation can be done efficiently.
We can also calculate the overlap between two CT states.
Theorem 3.4.2. Let |ψi and |ϕi be two CT n-qubit states. Then there exists an efficient
classical algorithm to approximate hϕ|ψi with polynomial accuracy.
In other words, we can simulate hϕ|ψi weakly. The proof is based on the use of ChernoffHoeffding bound (3.5).
Proof. Denote px = |hx|ψi|2 and qx = |hx|ϕi|2 . Since |ψi and |ϕi are CT states, px and qx can
be computed efficiently. Define the function δ : {0, 1}n → {0, 1} by
(
1 if px > q(x),
δ(x) =
(3.48)
0 otherwise.
We can then write hϕ|ψi as
X
hϕ|xihx|ϕi
x

X
X
=
hϕ|xihx|ϕiδ(x) +
hϕ|xihx|ϕi(1 − δ(x)),
x

(3.49)

x

where the sums are taken over all n-bit strings x. Defining the functions F and G by
hϕ|xihx|ϕi
hϕ|xihx|ϕi
δ(x), G(x) =
(1 − δ(x)),
(3.50)
px
qx
P
P
we have hϕ|ψi = hF i + hGi, where hF i = x px F (x) and hGi = x qx G(x). Since |ψi is CT,
there is a way to sample from the probability distribution {px }. By the fact that |F (x)| ≤ 1, we
know from Chernoff-Hoeffding bound that we can approximate hF i efficiently with polynomial
accuracy. Similarly we can obtain hGi with polynomial accuracy, which finishes the proof.
F (x) =

Now we can revisit the circuit (3.45), and use this new framework to show it can be simulated
in the weak sense. First, we notice that the state
1 X
|xi|0i
(3.51)
2n x
is a CT state, where the sum is taken over all n bit string. Since the operation
|xi|yi → |xi|y + f (x)i

(3.52)

is a monomial operator
which can be calculated efficiently. By theorem 3.4.1, we know the
P
final state |ψi = x∈{0,1}n |xi|fn (x)i of circuit (3.45) is a CT state. To finish the proof, we
notice that by theorem 3.4.2 we can calculate the expectation value hψ|Z|ψi with a polynomial
accuracy, since Z|ψi is again a CT state.
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Sparse operations

In this section we will show a generalized version of theorem 3.4.2. First we need to define a
class of sparse operations that can be efficiently computed.
Definition 3.4.3. A family of operations An on n qubits is called efficiently computable sparse
(ECS) if
• An is sn sparse, where sn =poly(n). In other word, An has at most sn non-zero elements
per row and per column.
• An is efficiently computable. When given a row number or column number of An , it is
efficient to list all positions of non-zero numbers in that row (column) and compute their
value to exponential accuracy.
The following are some examples of efficiently computable sparse operations (ECS).
• For d = O(log n), a d-qubit operator G acting on n qubits is ECS.
• An operator that can be written as a sum of poly(n) ECS operators, is ECS
• Any Pauli operator P is ECS. For any Clifford circuit C, C † P C is again a Pauli operator.
Thus C † P C is also ECS.
• By equation (3.28) and (3.32), we know that for a Matchgate circuit C, C † P C is ECS.
We have the following theorem
Theorem 3.4.4. If An is ECS operators, and |ψi, |ϕi are both CT states, then we can compute
hψ|An |ϕi

(3.53)

with polynomial accuracy.
The proof is very similar to the proof of theorem 3.4.2, so we will not give the proof here
(see [16] for the proof). The strength of theorem is allowing you to see immediately that circuits
with certain structure can be simulate weakly. We give two examples here. The initial state is
|0i, and the measurement is the Z operator on the first qubit for both case.
• Consider a circuit (family) C = C1 C2 , with C1 and C2 being a constant-depth circuit and
a Clifford circuit respectively. Since C1† ZC1 only acts on a constant number of qubit, it is
ECS. And we know that C2 |0i is CT. By theorem 3.53, we can calculate h0|C2† C1† ZC1 C2 |0i
with a polynomial accuracy.
• Again consider C = C1 C2 . This time we set C1 to be a Clifford circuit and C2 a Matchgate
circuit. By noticing that C2 |0i is CT and C1† ZC1 is ECS, we conclude that we can simulate
C weakly.
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Chapter 4

Commuting circuits
In this section we will study the power of commuting quantum circuits. The contents starting
from section 4.3 are based on our work [35].
Now our main results can be summarized as follows:
• 2-local circuits are easy. All uniform families of commuting circuits consisting of 2-local
gates acting on d-level systems and followed by a single qudit measurement can be strongly
simulated by classical computation, for every d.
• 3-local circuits are hard. Uniform families of commuting circuits consisting of 3-local gates
acting on qubit systems and followed by a single qubit measurement cannot be strongly
simulated by classical computation, unless every problem in #P has a polynomial-time
classical algorithm.
• Commuting Pauli circuits. All uniform families of commuting circuits consisting of exponentiated Pauli operators eiθP and followed by a single-qubit measurement can be efficiently simulated classically weakly. Furthermore, even when such circuits display a small
degree of non-commutativity, an efficient classical simulation remains possible.
• Mapping non-commuting circuits to commuting circuits. Certain non-commuting quantum processes (related to bounded-depth circuits) can be efficiently simulated by purely
commuting quantum circuits.

4.1

Preliminary definitions

A commuting circuit is a quantum circuit consisting of pairwise commuting gates. For an
operator A which acts on a system of n qudits labeled by 1 · · · n, the support of A is the
subset of qudits on which it acts nontrivially. A k-local commuting circuit is in standard form
if for every subset S ⊆ {1, . . . , n} consisting of k qudits there is at most one gate Gi with
supp(G
i ) ⊆ S. A k-local commuting circuit C = Gm · · · G1 in standard form contains at most

n
gates,
so that the size of the circuit scales polynomially with n if k is constant. For example,
k
a two-local commuting circuit is in standard form if for every i, j = 1 · · · n with i < j there is
at most one gate in the circuit with support contained in {i, j}; such circuit has size O(n2 ).
Every k-local commuting circuit can be brought into standard form by replacing all gates in the
circuit with support contained in S by a single gate given by the total product of these gates,
for every subset S consisting of k qudits. Furthermore if k is constant and if the original circuit
37
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has size m then this procedure to bring a circuit in normal form can be carried out efficiently
i.e. in poly(n, m) steps.
A simple example of a commuting circuit is C = Gm · · · G1 with gates
Gi = U ⊗ U Di U † ⊗ U † ,

(4.1)

where U is a fixed single-qudit unitary operator (independent of i) and where each Di is a
diagonal unitary operator. In other words each gate is diagonal in the same local basis. This
class of commuting circuits has been considered in [36, 19].
By their commutativity, all gates in any commuting circuit can be diagonalized simultaneously i.e. there exists a unitary operator V such that V Gi V † is diagonal for every gate Gi .
In the example (4.1), the diagonalizing operator is a simple tensor product V = U ⊗ · · · ⊗ U .
This example does however not represent the most general situation since V may be a global,
entangling operation—even when the commuting circuit is k-local with k constant. Consider
for example an n-qubit 3-local circuit with gates Gj = eiθj Kj where the commuting operators
Kj are defined as follows:
K1 = X1 Z2 ,

Ki = Zi−1 Xi Zi ,

Kn = Zn−1 Xn ,

with i = 2, . . . n − 1.

(4.2)

Here Zi and Xi denote the Pauli X and Z operators acting on qubit i. The operators Kj are
known to be the stabilizers of the 1D cluster state [25]. Let H denote the Hadamard gate
and let CZ = diag(1, 1, 1, −1) denote the controlled-Z gate. It is then easily verified that the
entangling operation
V =H

⊗n

n−1
Y

CZi,i+1

(4.3)

i=1

sends Kj → V Kj V † = Zj and thus simultaneously diagonalizes the Kj . Furthermore it can be
shown that no tensor product of single-qubit operations can perform such a diagonalization .
The example (4.2) shows that there exist k-local commuting circuits where the diagonalizing
unitary V is a global, entangling operator. Nevertheless this example is still rather well-behaved
as V can be computed efficiently and moreover has a relatively simple structure. In fact in
section 4.6 we will investigate commuting circuits composed of exponentiated Pauli operators
eiθP in more detail and show that such circuits have efficient classical simulations (relative to
certain measurements). For general k-local commuting circuits, however, the unitary V may
have a complex structure and be computationally difficult to determine. This feature is in part
responsible for the complexity of commuting quantum circuits.

4.2

Previous results

Let us first look at three previous results of commuting quantum circuits [19, 36, 37]. These three
papers confirm that commuting circuits can achieve certain tasks which are hard on classical
computers. Noting that this does not imply we do not have a chance to simulate commuting
circuits efficiently, since in [19] the requirement of accuracy is very high (for example, see the
comparison of strong and weak simulation in section 3.1), and in [36] the hardness result is
again based on some other conjecture.

4.2. PREVIOUS RESULTS

4.2.1
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Classical simulation of commuting quantum computations implies collapse of the polynomial hierarchy

In the paper [19], they show that if we can use a classical computer to sample from the output
distribution of 2-local commuting circuits efficiently with certain accuracy, then the polynomial
hierarchy will collapse. More precisely, for sampling here, we mean
Definition 4.2.1. Let Pn denote the output distribution from a uniform circuit family {Cn }
when we measure all qubits in the computational basis. We say Pn can be classically sampled
with multiplicative error c when there exist a family of distribution Rn such that
• Rn can be generated on classical computer efficiently.
•

1
c P rob[Pn (x)]

≤ P rob[Rn (x)] ≤ c P rob[Pn (x)] for all binary string x.

Note that this is a quite strict requirement for sampling, in the sense that by running Cn a
polynomial times, we cannot estimate Pn (x) to such high accuracy in general.
On the other hand, Polynomial hierarchy PH is a infinite hierarchy of complexity classes
that generalize the class P, NP. More precisely, PH contains an infinite tower of increasing
classes Σ0 ⊆ Σ1 ⊆ Σ2 · · · , in which Σ0 = P and Σ1 = NP. The definition of Σj is beyond the
scope of this thesis, but it is widely believed that all the inclusions above are strict. If this is
not the case, that is, if Σk = Σk+1 for some k, then it can be shown that Σk = Σl for all l > k.
In this case, we say that PH collapse to Σk . Now we can state the main result of [19] formally:
Theorem 4.2.2. If the output probability distributions generated
by uniform families of IQP
√
circuits could be sampled with multiplicative error 1 ≤ c ≤ 2 then the polynomial hierarchy
would collapse to its third level, i.e. PH= Σ3 .
In other words, their result states that it is unlikely that we can sampling 2-local commuting
circuits with this accuracy.
A key component used to prove this result is that in the presence of post-selection, commuting 2-local circuit is equivalent to the universal 2-local circuit. Post-selected quantum circuits
are often used as a theoretical tool when study the power or quantum computation. In addition
to the normal output qubits, a post-selected circuit also has polynomial many post-selection
qubits. We only consider the runs of the circuit when the post-selection qubits are all measured
in state |0i. In other words, we assume we always get |0i when we measure post-selection
qubits. In general, this process is not efficient, since the probability of all the post-selection
qubits being |0i can be exponentially small. So we might have to run the circuit exponentially
many times to have one successful output. But in a post-selection scenario these failed runs are
not taken into account. The decision problems which can solve efficiently with post-selected
quantum circuit form the class Post-BQP. It is coincides with the class PP [38], which can be
shown to have the same difficulty level as #P in some sense. So this result implies that with
the help of post-selected 2-local commuting circuits, we can solve problems in #P efficiently.
This results can be state formally as
Lemma 4.2.3. Let U be an n-qubit quantum circuit composed of the gates H, S and CZ and
denote |ψi = U|0in . Then there exists a 2-local commuting circuit C on k + n qubits such that
|ψi is obtained by postselecting C|0ik+n on the first k qubits; more precisely
|0ik |ψi =

√

k

2 PC|0ik+n .

(4.4)
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|ψi

H

h0|

CZ

|0i

H|ψi

H

Figure 4.1: The structure to replace H gates
Here P denotes the projector |0ih0| acting on the first k qubits. Furthermore k = poly(n) and
the description of C can be computed efficiently on input of the description of U.
Since we will use this result later, we will give a proof of it.
Proof. We will show how to transform a universal 2-local quantum circuit containing {H, S,
CZ} to a 2-local commuting circuit with post-selection. To do this, we first add in extra H
gates to make sure each line of the (universal) circuit starts and end with H. This is possible
since H 2 = I, and we can just add two successively H to the beginning and end of a line if
necessary. Next we consider those H gates in the middle. We can replace each of them with
the structure in figure 4.1. The post-selection qubit is labelled as h0| in the figure. It can be
verified that with this structure, we can implement H gates. The success probability of the
post-selection is always 21 , which is independent of the other part of the circuit.
After these two steps, the circuit only has diagonal gates except for the starting and ending
H gates. Replacing each diagonal gate U in the circuit with HU H or H ⊗2 U H ⊗2 and remove
the starting and ending H gate, we get a 2-local commuting circuits with post-selection.
We will not give the proof of their main results here, since it involves too much of computational complexity theory. However, there is a side result in their paper, which will be quite
interesting to compare with our results later.
Theorem 4.2.4. Consider commuting quantum circuits with initial state |0 · · · 0i and gates of
the form H ⊗k DH ⊗k , where D is a diagonal gate on k qubits. Here k can be arbitrary large,
but the diagonal elements of D can be computed efficiently. Let P be the output distribution of
log n qubits. Then P can be sampled on a classical computer efficiently.
Proof. This type of commuting circuits can be viewed as following: we first apply H gates on
every qubit of |0 · · · 0i, and then we apply the diagonal gates. In the end we do the H gates
again and measure. Let |xi denote the log n qubits contained in the distribution P , and |yi be
the other qubits. After we apply H gates in the first step, the state is
√

1

X

2|x|+|y|

|x, yi,

(4.5)

x,y

where the summation is over all binary string x and y, and |x|, |y| is the number of qubits in
|xi and |yi respectively. The state becomes
√

1
2|x|+|y|

X

f (x, y)|x, yi,

(4.6)

x,y

after we apply the diagonal gates. For each x, y, f (x, y) can be computed efficiently, which is
due to the fact that each diagonal gate is efficiently computable. At this point, we only need to
apply H gates to every qubit of (4.6) and then we can do the measurement. Since there is no
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more interaction between qubits in |xi and |yi, by the principle of non-signalling, we know that
any gate or measurement in |yi will not change the distribution of qubits in |xi. More precisely,
this is because in principle we can arrange the measurements of qubits in |xi and |yi in a way
that two measurements have a space-like interval. By this fact, we can first do a measurement
of qubits in |yi in the computational basis without affecting the distribution of qubits in |xi.
It is easy to notice that, when we do a measurement of |yi in state (4.6) in the computational
basis, the measurement outcome is a uniform distribution of all binary string. So we can first
choose y0 from the uniform distribution. The states (4.6) then collapse to
1 X
√
f (x, y0 )|xi
(4.7)
2|x| x
where we just neglect the qubits in |y0 i. Now it is a quantum state with only log n qubits, so
we can store all coefficients of the states in a polynomial space on a classical computer, and we
can simulate any subsequent gates and measurement efficiently in a trivial way.

4.2.2

The study of class IQP

In [36, 37], the authors study the power of certain class of commuting circuits, which is called
IQP. The circuits in IQP consist of gates
eiθXj1 ⊗Xj2 ⊗···⊗Xjk ,

(4.8)

where Xjl is the X operator on qubit jl . There is no limit of how much qubits these commuting
gates can act on, i.e., they can act on all qubits of the circuit. The initial state is |0 · · · 0i, and
the authors are interested in the output distribution of a IQP circuit.
In [36], the authors proposed a two-party protocol that one party (Alice) can be convinced
(under some conjecture) that the other party (Bob) has IQP circuits rather than a classical
computer. To understand this result, let us first look at the case that Bob want to convince
Alice that he has a quantum computer. In this case, if Alice do not believe that factoring
can be done on a classical computer efficiently, she can send Bob some large numbers and ask
Bob to factor them. If Bob can send back the correct results in a reasonable time, then Alice
would be convinced. Note that this protocol works because we do not have a way to simulate
quantum computers efficiently. So the result of [36] would imply that we cannot simulate the
IQP circuits under certain conjecture. We also want to note that the conjecture used in [36]
might not be as convincing as “factoring is hard”.
In [37], the author characterize the output distribution by using tools from combinatorics.
Here we only list two of the results:
• If in the IQP circuit, all θ in the gates (4.8) are
distribution efficiently on a classical computer.

π
4,

then we can sample from the output

• If in the IQP circuit all θ are equal to π8 , then we can compute any correlation coefficients
of the output distribution. Here correlation coefficients are related to the correlation
between qubits in the output distribution. Detailed definition can be found in [37].

4.3

Efficient strong simulation of one qudit

Now we will start to show our results. Our first result is we can simulate 2-local commuting
circuits with single qudit measurement in the strong sense.
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Theorem 4.3.1. (Strong simulations of 2-local commuting circuits) Let C be a uniform
family of 2-local n-qudit commuting circuits, acting on a product input state and followed by
measurement of an observable O acting on qudit i for some i. Any such computation can be
efficiently simulated classically in the strong sense.
Proof. We prove the result for i = 1; other i are treated fully analogously. Denote the input
by |αi = |α1 i · · · |αn iQwhere each |αi i is a single-qudit state. We can assume without loss of
generality that C =
Ujk is in standard form, where Ujk represents the unique gate in the
circuit with support S ⊆ {j, k}, for every j, k = 1 · · · n and j < k. If Ujk does not act on qudit
1, then this gate commutes with O. Hence in the product C † OC we can commute Ujk through
†
C and O to the left until it cancels out with Ujk
. By doing so, we can remove all gates that do
not act on qudit 1. Therefore the expectation value of O is
Y
Y
hOi = hα|C † OC|αi = hα|( U1j )† O
U1j |αi
(4.9)
where the products are over all j ≥ 2. Now our strategy will be to trace out qudits one by one
in the above equation. Denote |α(1) i = |αi, C (1) = C and O(1) = O. Furthermore for every
k = 2, . . . , n − 1 define
|α(k) i = |α1 i|αk+1 i · · · |αn i
C (k) =
O

(k)

U1k+1 · · · U1n

†
O(k−1) U1k [I ⊗ |αk i].
= [I ⊗ hαk |] U1k

(4.10)

Remark that each O(k) acts on a single qudit (namely qudit 1). Furthermore each of these
operators can be computed classically with exponential precision in polynomial time: O(1) is
given as an input and each update from O(j) to O(j+1) involves simple multiplications of 2qudit operations which can be done in constant time (taking O(d6 ) steps where d denotes the
dimension of one qudit).
With the above definitions one finds, for every k = 2, . . . , n − 1:
hα(k−1) |[C (k−1) ]† O(k−1) C (k−1) |α(k−1) i = hα(k) |[C (k) ]† O(k) C (k) |α(k) i.

(4.11)

Using this equation iteratively, we get
†
O(n−1) U1n |α(n) i.
hOi = hα(1) |[C (1) ]† O(1) C (1) |α(1) i = · · · = hα(n−1) |U1n

(4.12)

The last expression is easily computed since |α(n−1) i is a 2-qudit state and U1n and O(n−1) act
on at most 2 qudits.
The above result can readily be generalized in different ways. First, using a similar argument
one shows that measurement of any observable acting on O(log n) qudits can be strongly simulated as well. Furthermore, interestingly, the result also generalizes to mutually anticommuting
Q
gates, and more generally to gates which commute “up to a phase” as follows. Let C = Gi
be a uniform family of 2-local n-qudit circuits such that Gi Gj = γij Gj Gi for all pairs of gates,
where the γij are complex phases. Input and measurement are as in theorem 4.3.1. Then such
circuits can be efficiently simulated classically in the strong sense. Analogous to the first step
in the proof of theorem 4.3.1, the proof starts by “removing” all gates which do not act on
qudit i from the product C † OC by commuting them through the circuit. This introduces an
(easily computed) product of phases γij . The remainder of the proof of theorem 4.3.1 carries
over straightforwardly.
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4.4

2-local commuting circuits cannot compute all functions in
P

Here we show that two-local commuting circuits are not universal for classical computation by
giving an explicit example of a function which is not computable with such circuits. To prove
this result, we also need the formalism of density matrix.

4.4.1

The density matrix formalism

Generally, if there is entanglement in some quantum state (i.e., it cannot be written as a product
state of its subsystems), then we cannot describe the states of its subsystems by using vectors
from the Hilbert space of the subsystem H⊗d . Instead, for each subsystem, it will behave like it
is a probabilistic mixture of pure states. This is what we call mixed states. The density matrix
(operator) of a mixed state is defined by
X
ρ=
pj |ψj ihψj |,
(4.13)
j

where pj is the probability of the system being in state |ψj i and they summed up to 1. The
general properties of density matrix can be found in [7]. To our purpose, we state the following
properties without giving the proof.
Lemma 4.4.1. For a mixed state ρAB composed of subsystem A and B, the state of A can be
obtained by the partial trace ρA = trB (ρAB ), where
X
trB (ρAB ) =
hϕj |ρAB |ϕj i,
(4.14)
j

where |ϕj i is a set of basis of system B. We also call ρA the reduced density matrix (operator)
of system A
Lemma 4.4.2. For some Hermitian operator O, the expectation value hOi when measured in
mixed state ρ is
hOi = tr(ρO)
(4.15)
In particularly, the second Lemma here would imply that when two density matrix is very
close, the measurement outcomes of them will also be close, since the trace operation is a
continuous operation. Formally, we have the following theorem [7]
Theorem 4.4.3. Recall that the trace distance between two density operators is
q
1
D(ρ, σ) = tr (ρ − σ)† (ρ − σ).
2

(4.16)

For a measurement with m possible outcomes on the system of ρ and σ, denote the corresponding
probability distribution by {pj }1≤j≤m and {qj }1≤j≤m . We can also define
D(pj , qj ) =

1X
|pj − qj |.
2

(4.17)

j

Then we have for any measurement,
D(pj , qj ) ≤ D(ρ, σ)

(4.18)
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We also need the concept of purification.

Definition 4.4.4. The state |ψiAB is called a purification of the mixed state ρA when
ρA = trB (|ψihψ|AB )

(4.19)

Now we can state and proving the following Lemma.
Lemma 4.4.5. Let σ1 , . . . σN be a collection of d × d density operators. For any  > 0, if
2d2
N > 5
, then there exists two operators σj and σk such that kσj − σk ktr ≤ , where kAktr ≡
√
1
†
2 tr A A denotes the trace distance.
Proof. We will show for any  > 0, there exists a finite set E of d×d density operators, such that
for every density operator ρ, there exists σ ∈ E with kρ − σktr <  (we call E a -net). To do
this, first we recall that every density operator of dimension d has a purification by introducing
an ancillary d-dimensional space R (see [7]). And in [39], it was shown that for pure states of
 2
5 2d
dimension d2 , there exists a -net F with cardinality |F| ≤ 2
≡ M . We can then choose
set E to be trR F, which is the partial trace of each element of set F. Since partial trace is a
contractive operation [7], i.e. ktrR (µ − τ )ktr ≤ kµ − τ ktr , we know that set E obtained this way
is indeed an -net.
Note that |E| ≤ |F| = M . Now if there are more then M density operators, then there must
be two density operators σj , σk that are -close to the same element of E. Thus by triangle
inequality kσj − σk ktr < 2. The proof can be finished by a rescaling of .

4.4.2

The proof of the main theorem

For every d we let Zd denote the set of integers modulo d. Let C denote a two-local commuting
circuit acting on m d-level systems. Consider a function f : Zkd → Zd . We say that C computes
f with probability at least p if the circuit C acing on |x, 0i (where 0 denotes a string of m − k
zeroes) and followed by a standard basis measurement of the first qudit yields the outcome f (x)
with probability at least p.
We will in particular consider the “inner product function” fip : Z2n
d → Zd defined by
fip (xa , xb ) = (xa )T xb

mod d,

(4.20)

for every xa , xb ∈ Znd .
Theorem 4.4.6. Consider an arbitrary d and an arbitrary constant p > 1/2. For sufficiently
large n, the inner product function fip is not computable by any two-local commuting circuit.
Proof. Suppose there exists an m-qudit quantum circuit C, for some m ≥ 2n, which computes f
with probability p > 1/2. We show that this leads to a contradiction. Repeating the argument
of theorem 4.3.1 we can remove all gates from the circuit which do not act on qudit 1. We
denote this simplified circuit again by C. Now write C = Cb Ca , where Ca consists of all gates
in the circuit acting on qudits {1, i} with i = 1 . . . n and where Cb consists of all gates acting
on qudits {1, j} with i = n + 1 . . . m. Furthermore, let x = (xa , xb ) be an arbitrary input of f .
Finally, denote
σ(xa ) := Trn...2 Ca |xa ihxa |Ca† ,
which is the reduced density operator for qudit 1 of the state Ca |xa i.

(4.21)
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The final state of the entire circuit is C|x, 0i where 0 denotes a string of m − n zeroes. With
the notations above, the reduced density operator of the first qudit is
ρ(xa , xb ) :=
=

Trm...2 C|x, 0ihx, 0|C † = Trm...n+1 Trn...2 Cb Ca |x, 0ihx, 0|Ca† Cb†
n
o
Trm...n+1 Cb σ(xa ) ⊗ |xb , 0ihxb , 0| Cb†

(4.22)

We now use lemma 4.4.5. This implies for every  > 0 there exists an n sufficiently large and
two n-tuples xa 6= y a such that kσ(xa ) − σ(y a )ktr ≤ . Using (4.22) and the fact that the
trace norm is contractive, it follows that kρ(xa , xb ) − σ(y a , xb )ktr ≤  for every n-tuple xb ! This
implies the following: if a standard basis measurement on ρ(xa , xb ) yield some outcome u with
probability p(u), then standard basis measurement on ρ(y a , xb ) will yield the same outcome
with probability q(u) where |p(u) − q(u)| ≤ . Setting  = p − 12 and using that C computes
f with probability at least p, it then follows that f (xa , xb ) = f (y a , xb ) for all xb . Using the
definition of f , this straightforwardly implies that xa = y a , thus leading to a contradiction.

4.5

3-Local commuting circuits are hard

Next we show that strong simulations of 3-local commuting circuits are unlikely to exist.
Theorem 4.5.1 (Hardness of simulating 3-local commuting circuits). Let C be a uniform
family of n-qubit 3-local commuting quantum circuits acting on the input |0i and followed by Z
measurement of the first qubit. If all such circuits could be efficiently simulated classically in
the strong sense then every problem in #P has a polynomial time algorithm.
In other words, there is a drastic increase in complexity in the seemingly innocuous transition
from 2-local to 3-local gates. Remark that hardness already holds for the simplest case i.e. qubit
systems—even though d-level 2-local commuting circuits have efficient simulations for any d.
Hardness of strong simulations does not necessarily imply that weak simulations are hard as well
since strong and weak simulations are generally inequivalent concepts (cf. 3.1 for a discussion).
In section 4.7 we will provide evidence that k-local commuting circuits with constant k can
efficiently perform certain tasks that appear to be nontrivial for classical computers, thereby
providing evidence that efficient weak simulations might not exist in general.
The proof of theorem 4.5.1 is given below. Our approach is to relate simulations of 3-local
commuting circuits to the evaluation of matrix elements of universal unitary quantum circuits,
which is known to be hard. The following three lemmata collect preliminary results. First we
recall that the evaluation of matrix elements of universal quantum circuits is known to be hard.
This is very similar to the theorem 3.1.1.
Lemma 4.5.2. Let U be a uniform family of n-qubit quantum circuits composed of the gates
H, S and CZ. If there existed an algorithm with runtime poly(n, log 1 ) which outputs an approximation of h0|U|0i for any such circuit family, then every problem in #P has a polynomialtime algorithm.
Proof. Consider an efficiently computable Boolean function f : {0, 1}n → {0, 1}. Let s(f )
denote the number of bit strings x satisfying f (x) = 0. The problem of computing
s(f ) is well
P
known to #P-complete. Now define the (n + 1)-qubit state |f i := 2−n/2 x |x, f (x)i where
the sum is over all n-bit strings x. Let H be the operator which acts as H on qubits 1 to n and
as the identity on qubit n + 1. Then an easy calculation shows
h0|H|f i = s(f )/2n .

(4.23)

46

CHAPTER 4. COMMUTING CIRCUITS

Since H, CZ and S satisfy the condition of Solovay-Kitaev theorem, there exists a uniform
2
circuit family V composed of these gates such that V|0i is δ-close to |f i with δ := 2−n . Denote
the circuit U := HV. Using (4.23) it follows that
|h0|U|0i −

s(f )
| ≤ δ.
2n

(4.24)

Now suppose that there exists a poly(n, log 1 ) classical algorithm to compute h0|U|0i with
accuracy . Setting  = δ, this would imply the existence of a polynomial time classical algorithm
that outputs an δ-approximation γ of h0|U|0i. Using (4.24) and the triangle inequality this
implies that γ approximates s(f )/2n with accuracy 2δ. Since s(f )/2n = k/2n for some integer
between 0 and 2n , this accuracy would allow to compute s(f ) exactly in polynomial time, hence
implying that every problem in #P has a poly-time algorithm.
Note that this theorem can also be proved by combining theorem 3.1.1 and a technique
called Hadamard test, which we will introduce later.
Second, we recall the lemma 4.2.3 from subsection 4.2.1 which relates universal quantum
circuits to post-selected 2-local commuting circuits.
Lemma 4.5.3. Let U be an n-qubit quantum circuit composed of the gates H, S and CZ and
denote |ψi = U|0in . Then there exists a 2-local commuting circuit C on k + n qubits such that
|ψi is obtained by postselecting C|0ik+n on the first k qubits; more precisely
|0ik |ψi =

√

k

2 PC|0ik+n .

(4.25)

Here P denotes the projector |0ih0| acting on the first k qubits. Furthermore k = poly(n) and
the description of C can be computed efficiently on input of the description of U.
Combining the above two lemmata shows that approximating matrix elements of commuting
2-local circuits is hard.
Lemma 4.5.4. Let C be a uniform family of n-qubit 2-local commuting quantum circuits. If
there existed a classical algorithm with runtime poly(n, log 1 ) which outputs an -approximation
of h0|C|0i for any such C, then every problem in #P has a poly-time algorithm.
Proof. Let U be a uniform family of n-qubit quantum circuits composed of the gates H, S and
CZ and let C be the associated commuting circuit family as in lemma 4.2.3. Using (4.4) one
finds
√ k
(4.26)
h0|n U|0in = 2 h0|n+k C|0in+k .
If an efficient classical algorithm existed to estimate h0|C|0i with exponential precision, then
there also exists an algorithm to estimate h0|U|0i with exponential precision. This implies that
every problem in #P has a poly-time algorithm owing to lemma 4.5.2.
The proof of theorem 4.5.1 now proceeds by relating the simulation of 3-local commuting
circuits to the evaluation of matrix elements of 2-local commuting circuits, via the Hadamard
test.
Proof of theorem 4.5.1: Suppose that an efficient algorithm existed to strongly simulate
the circuits described in the theorem. Consider an arbitrary n-qubit commuting circuit C =
GT · · · G1 with two-qubit gates Gi . Consider the following (n + 1)-qubit quantum circuit (the
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•

G1

G2

···
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H

Figure 4.2: The Hadamard test
“Hadamard test”) with input |0i as depicted in Fig. 4.2. First H is applied to the first qubit.
Then each gate Gi is applied controlled on the first qubit being in the state |1i; we denote these
3-qubit gates by CGi . Finally, H is again applied to the first qubit. Measuring the first qubit
yields the outcome 0 with probability
1
p(0) = (1 + Re(h0|C|0i)).
2

(4.27)

Now for each i define the 3-qubit gate Ui := [H ⊗ I]CGi [H ⊗ I], where H acts on the first
qubit, and let C 0 denote the circuit composed of the gates Ui . Since the gates Gi commute, also
the gates Ui commute. Furthermore, it is straightforward to show that the circuit C 0 acting
on |0i and followed by measurement of the first qubit is equivalent to the circuit in Fig. 4.2,
since the hadamard operations “in the middle” cancel out. Thus C 0 also yields the outcome 0
with probability p(0). It follows that the existence of an efficient classical algorithm to strongly
simulate the circuit C 0 yields an efficient classical algorithm to compute the real part of h0|C|0i
with exponential precision. Adding P = diag(1, i) before the second Hadamard gate in Fig. 4.2
and arguing analogously yields an efficient algorithm to estimate the imaginary part of h0|C|0i
with exponential precision. Using lemma 4.2.3 we conclude that this would imply that every
problem in #P has a poly-time algorithm.


4.6

Efficient simulation of commuting Pauli Circuits

A circuit composed of unitary operators of the form eiθP , where the P s are (Hermitian) Pauli
operators, is called a Pauli circuit. By theorem 1.2.4, Pauli circuits can be shown to be universal
for quantum computation. Here we investigate commuting Pauli circuits. We allow P to act on
arbitrarily many qubits i.e. we do not restrict to local gates1 .
Given the distinguished status of Pauli operators, commuting Pauli circuits constitute a
simple and natural class of commuting quantum circuits. This class in fact encompasses the
model of “instantaneous quantum computation” (IQP) introduced earlier in subsection 4.2.2.
IQP corresponds to the subclass of commuting Pauli circuits where each P is restricted to be a
tensor product of identities and Pauli X matrices, so that every gate eiθP is diagonalized by the
tensor product operator H ⊗ · · · ⊗ H. Generalizing IQP to arbitrary commuting Pauli circuits
adds the interesting feature that the unitary operator which simultaneously diagonalizes the
gates in the circuit is generally no longer a tensor product of single-qubit operators, but rather
a global entangling operation; see example (4.2).
Whereas arbitrary Pauli circuits are universal, we will show that commuting Pauli circuits
can be efficiently simulated classically in the following sense.
1

Remark that, even for such non-local gates, every gate eiθP can be efficiently implemented on a quantum
computer i.e. it can be realized by a polynomial size quantum circuit of elementary gates
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Theorem 4.6.1. (Weak simulation of Commuting Pauli circuits) Every uniform family
of commuting Pauli circuits acting on a standard basis input and followed by measurement of
Z acting on one of the qubits can be weakly simulated classically.
Here we want to remark that our result can also be generalized to simulate O(log n)-qubit
computational basis measurements. Recall that it was shown in 4.2.4 that IQP circuits followed
by such measurement can be simulated efficiently weakly . Theorem 4.6.1 hence generalizes
this result to arbitrary commuting Pauli circuits. Furthermore, in subsection 4.2.1 it was shown
that efficient weak classical simulation (relative to a certain special type of approximations)
of 2-local IQP circuits followed by O(n) computational basis measurements are highly unlikely
to exist: the existence of such simulations would imply a collapse of the polynomial hierarchy.
Thus a fortiori simulations of O(n) computational basis measurements are unlikely to exist for
general commuting Pauli circuits as well.
One can in fact show a stronger version of theorem 4.6.1: a general Pauli circuit containing
a limited degree of non-commutativity can still be simulated classically efficiently.
Theorem 4.6.2. (Weak simulation of slightly non-commuting Pauli circuits) Consider
a uniform family of n-qubit commuting Pauli circuits interspersed with O(log n) gates of the
form eiθQ with Q an arbitrary (Hermitian) Pauli operator. Any such circuit family acting on
standard basis input and followed by measurement of Z acting on one of the qubits can be weakly
simulated classically.
The proofs of theorem 4.6.1 and 4.6.2 are given in section 4.6.2. In the preceding sections
we develop the necessary tools. It is interesting that the simulation techniques used here are
completely different from those used our simulations of 2-local commuting circuits (theorem
4.3.1). In particular the latter involved strong simulations whereas commuting Pauli circuits
will be simulated using weak simulations combined with stabilizer methods.

4.6.1

Pauli and Clifford operators

Recall that a Pauli operator on n qubits has the form P = αP1 ⊗ . . . ⊗ Pn , where α ∈ {±1, ±i}
and where each Pj is one of the Pauli matrices X, Y , Z or the identity. A Pauli operator is
said to be of Z-type if each Pj is either Z or the identity; X-type Pauli operators are defined
analogously. Since X, Y and Z are Hermitian, a Pauli operator is Hermitian if and only if
α ∈ {1, −1}. Letting Zk and Xk denote the operators Z and X acting on qubit k, respectively,
it can be verified that every Pauli operator P can be written as
P = it

Y

Xkak Zkbk ,

where t ∈ {0, 1, 2, 3}, ak , bk ∈ {0, 1}.

(4.28)

k

Defining the 2n-dimensional bit string
r(P ) = (a1 , · · · , an , b1 , · · · , bn ),

(4.29)

it is easily verified that r(P Q) = r(P ) + r(Q) for all Pauli operators P and Q, where addition
is modulo 2.
Again recall that an n-qubit operator U is a Clifford operation if U P U † is a Pauli operator
for every Pauli operator P . We have the following lemma.
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Lemma 4.6.3. Let P1 , . . . , Pm be a collection of commuting n-qubit Pauli operators. Then there
exists a Clifford operation C such that C † Pi C = Qi for every i, where each Qi is a Z-type Pauli
operator. Moreover each Qj as well as the description of a poly-size Clifford circuit realizing C
can be determined efficiently.
Proof. It suffices to prove the result for Hermitian Pauli operators since every Pauli operator can
be made Hermitian by providing it with a suitable overall phase. Thus henceforth we assume
that the Pi are Hermitian. We can write all m vectors r(Pi ) in a m × 2n matrix and pick out
a maximal set of independent row vectors over Z2 efficiently by Gaussian elimination. W.l.o.g.
we assume these are the first l vectors. The corresponding Pauli operators {P1 , . . . , Pl } =: S
form an independent set i.e. no operator in S can be written as a product of the other elements
of S. In addition, no product of operators in S yields −I. IndeedPsuppose there exist bits xj ,
xj r(Pj ) = 0, contradicting
not all zero, such that P1x1 . . . Plxl = −I. This would imply that
with the linear independence of the r(Pj ). Since the operators in S are Hermitian, independent
and commuting and since no product of some of these operators yields −I, there exists a
stabilizer code V of dimension 2n−l stabilized by S [7]. This implies in particular that l ≤ n.
Using standard stabilizer techniques one can efficiently compute additional Hermitian Pauli
operators S 0 = {Rl+1 , . . . , Rn } such that all operators in the set T = S ∪ S 0 mutually commute,
are independent and no product of these operators yields −I [7]. These n operators are the
stabilizers of a 1-dimensional stabilizer code i.e. a stabilizer state |ψi. In other words |ψi satisfies
Pi |ψi = |ψi = Rj |ψi for every i = 1, . . . , l and j = l + 1, . . . , n, and moreover it is the unique
state doing so. It is well known that there exists a poly-size n-qubit Clifford circuit C such that
|ψi = γC|0in for some global phase γ; moreover a description of C can be computed efficiently
[33]. Now define Qi = C † Pi C for every i = 1, . . . , m. Each Qi is an efficiently computable Pauli
operator since C is a poly-size Clifford circuit. Since C|0i = |ψi and Pj |ψi = |ψi for every Pj ∈ S
one has Qj |0i = |0i. This last property together with the fact that each Qj is a Pauli operator
implies that Qj must be of Z-type. Finally, since each Pk with k ≥ l + 1 can be written, up to a
global phase, as a product of operators within S and since products of Z-type Pauli operators
are again of Z-type, it follows that also Qk is of Z-type.
In our simulation of commuting Pauli circuits we will use the technique we described in
section 3.4 For our purposes, it will be relevant that every stabilizer state is CT. More precisely,
for every polynomial-size Clifford circuit C and standard basis state |xi (where x is an n-bit
string), the state |ψi = C|xi is CT relative to the description of C and the input x. Property
(a) is the content of the Gottesman-Knill theorem [12]. Property (b) was shown in [33]; in fact
for every stabilizer state |ψi the standard basis coefficients hy|ψi can be computed exactly.
It is also easy to show that every Pauli operator is unitary, monomial and efficiently computable. Second, every unitary operator of the form exp[iθQ], where Q is any (Hermitian)
Z-type Pauli operator, is diagonal and hence monomial. Furthermore it is straightforward to
show that any such operator is efficiently computable. More generally, it is useful to note (and
easy to show):
Lemma 4.6.4. If U1 , . Q
. . , Uk are efficiently computable monomial unitary n-qubit operators and
k = poly(n), then also ki=1 Ui is efficiently computable monomial.

4.6.2

Proof of theorem 4.6.1

For clarity we prove theorem 4.6.1 separately even though it is superseded by theorem 4.6.2.
Denote the input by |xi where x is an n-bit string. Denote the Pauli circuit by U and let eiθj Pj
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denote its gates (1 ≤ j ≤ m). Let hZi i denote the expectation value of Zi . First we invoke
lemma 4.6.3, yielding a Clifford circuit C satisfying C † Pj C = Qj for some efficiently computable
Hermitian Z-type operators Qj . It follows that
eiθj Pj = Ceiθj Qj C †

(4.30)

and therefore U = CDC † where D is given by the product of the m diagonal operators eiθj Qj .
Denote P = C † Zi C which is an efficiently computable Pauli operator. Furthermore denote
|ψi := C † |xi. Then
hZi i = hx|U † Zi U|xi = hψ|D† P D|ψi.

(4.31)

Since C is a Clifford circuit, |ψi is a CT state. Finally M := D† P D is monomial and efficiently
computable: indeed the Pauli operator P as well as each eθj Qj are efficiently computable monomial, as discussed in section 3.4.1. Applying lemma 4.6.4 then shows that M is efficiently
computable monomial as well. Theorem 3.53 can now be applied.

4.6.3

Proof of theorem 4.6.2

0 be obtained by interspersing
We assume w.l.o.g. that Z is measured
Q iθPj on the first qubit. Let C iθQ
the commuting Pauli circuit C = e
with k additional gates e j at arbitrary places in the
circuit. Write

eiθQj = [cos θ]I + [i sin θ]Qj

(4.32)

for ever such additional gate. Doing so, the circuit C 0 is written as a linear combination of
2k circuits (with coefficients of the form (cos θ)l (i sin θ)k−l ), each of which being obtained by
replacing eiθQj by either I or Qj . Thus every circuit in the linear combination is obtained
by interspersing C with k Pauli operators. Using that eiθP Q = Qe±iθP for every two Pauli
operators P and Q, the Qj can all be commuted to the right. As a result, we find that C 0 is
written in the form
k

0

C =

2
X

aα Cα Σα ,

(4.33)

α=1

where each coefficient aα is efficiently computable, where each Σα is a Pauli operator and where
each Cα is a commuting Pauli circuit obtained by flipping a subset of the signs Pj → −Pj in the
commuting circuit C. Furthermore there are only poly(n) terms in the sum since k = O(log n)
by assumption. To arrive at an efficient weak simulation of C 0 followed by measurement of Z1 ,
it suffices to show that each of the matrix elements
hx|Σα Cα† Z1 Cβ Σβ |xi

(4.34)

can be estimated efficiently with polynomial accuracy. First we can commute Z1 to the right,
transforming Cβ into a commuting Pauli circuit C β obtained by changing some of the signs
Pj → ±Pj as before. Note that the combined circuit Cα† C β is a commuting Pauli circuit since all
gates have the form e±iθj Pj . Furthermore Σα |xi and Z1 Σβ |xi are, up to global phases, simple
standard basis states, say |yi and |zi resp., which can be computed efficiently. Analogous to
†
the proof of theorem 4.6.1 we write C α Cβ = UDU † where U is a polynomial size Clifford circuit
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and D is a product of diagonal gates. Putting everything together we find that (4.34) is, up to
an efficiently computable overall phase, of the form hy|UDU † |zi for some standard basis states
|yi and |zi. Since U † |yi and U † |zi are CT states (see section 3.4.1) and since D is efficiently
computable monomial, we can apply theorem 3.53 yielding an efficient classical algorithm to
estimate (4.34). This proves the result.

4.7

Mapping non-commuting circuits to commuting circuits

Here we show that commuting circuits can be used to efficiently reproduce the output of certain
non-commutative processes. These results will provide evidence that commuting circuits can
be used to solve tasks that appear nontrivial for classical computers.

4.7.1

Two-layer circuits

For every constant k we let Γk denote a computational model involving a universal classical
computer supplemented with a restricted quantum computer operating with uniformly generated families of k-local commuting circuits acting on an arbitrary product input state and
followed by Z measurement of the first qubit. By construction, Γk has the power to efficiently
solve every problem in the complexity class P, for every k. Our goal is to investigate whether
Γk -computations have the potential to outperform classical computers.
Theorem 4.7.1. (Mapping k-local non-commuting to (k+1)-local commuting circuits)
Let C1 and C2 be uniform families of k-local n-qubit commuting circuits, where the gates in C1
need not commute with those in C2 . Then there exists a polynomial time Γk+1 -algorithm which
approximates h0|C1 C2 |0i with polynomial accuracy (with success probability exponentially close
to 1).
The above result shows that the non-commutativity in the two-layer circuit C1 C2 can be
“removed” by allowing gates to act on k + 1 qubits. The proof is an immediate consequence of
the following alternate version of the Hadamard test (which regards arbitrary, i.e. not necessarily
commuting, circuits).
Lemma 4.7.2. (Alternate Hadamard test) Let U = U2m · · · U1 be an n-qubit quantum
circuit of even size 2m. Add one extra qubit line (henceforth called qubit 1) and for every
i = 1 · · · m define the gate
†
Wi = |0ih0| ⊗ U2m+1−i
+ |1ih1| ⊗ Ui ,

(4.35)

which acts on qubit 1 and the qubits on which Ui and U2m+1−i acted in the initial circuit U.
Consider the following circuit U 0 acting on the (n + 1)-qubit input |0i: first, apply H to qubit
1; second, apply the gates W1 , . . . , Wm ; third, apply H to qubit 1; finally measure Z on qubit 1.
Then the probability of outputting 0 is
1
p(0) = (1 + Reh0|U|0i).
2

(4.36)

Analogously, replacing H in the third step by HP with P = diag(1, i) yields the imaginary part
of h0|U|0i.
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Remark that lemma 4.7.2 requires U to have even size. This is however not an essential
requirement since a circuit of odd size 2m + 1 can be “padded” with an additional identity. This
yields a circuit U 0 of size m + 1.
The proof of the lemma is obtained by directly computing p(0). Similar to the Hadamard
test, the above result provides a simple quantum algorithm to estimate matrix elements of
unitary quantum circuits with polynomial accuracy (and with success probability exponentially
close to 1). Different from the standard Hadamard test, however, is that the size of the circuit
U 0 used in lemma 4.7.2 is half the size of the original circuit U i.e. the alternate Hadamard test
is “twice as fast”. The price to pay for this is that the gates in U 0 act on a larger number of
qubits: if U is a k-local circuit then U 0 can be as much as (2k + 1)-local.
Proof of theorem 4.7.1: Without loss of generality we can assume
 that C1 and C2 are in
n
0
0
standard form, say C1 = Gm · · · G1 and C2 = Gm · · · G1 where m = k . By definition of the
standard form, for every subset S of k qubits there is precisely one gate Gi and one gate G0j
such that supp(Gi ) ⊆ S and supp(G0j ) ⊆ S. By suitably labeling the gates in both circuits we
can ensure that always j = m + 1 − i. Now apply lemma 4.7.2 to the circuit U := C1 C2 with the
identification Ui := Gi and Um+i := G0i for every i = 1 · · · m. Then each gate (4.35) acts on the
qubits in S together with qubit 1 so that this gate is (k + 1)-local (at most). Note furthermore
that all gates Wi mutually commute. Finally, define Wi0 := [H ⊗ I]Wi [H ⊗ I] where H acts
on qubit
Q 1. Since all H gates in the middle cancel out, the (k + 1)-local commuting circuit
C = i Wi0 acting on |0i followed by measurement of Z1 yields the same output as the circuit
U 0 of lemma 4.7.2. This allows to estimate the real part of h0|C1 C2 |0i with polynomial accuracy
within the class Γk+1 . The imaginary part is treated analogously.


4.7.2

Constant-depth circuits

Here we will relate commuting circuits with constant-depth circuits comprising arbitrary gates.
Theorem 4.7.3. (Estimating constant-depth matrix elements) Let U be a n-qubit quantum circuit from a uniform family of circuits that has constant depth m. Then there exists
a polynomial time Γk -algorithm to approximate |h0|U|0i|2 with polynomial accuracy (and with
success probability exponentially close to 1) where k = 2m + 1.
Recall that the problem of estimating matrix elements |h0|U|0i| of polynomial size quantum
circuits of arbitrary depth is known to be BQP-hard (and the naturally corresponding decision
problem is BQP-complete). Theorem 4.7.3 shows that such matrix elements can be estimated
efficiently with k-local commuting circuits with constant k as long as U has constant depth
(with an exponential scaling of k with m). Although one would not expect the constant-depth
matrix problem to be BQP-hard, this task appears to be nontrivial for classical computers and,
to our knowledge, no efficient classical algorithm is known.
Proof
Q of theorem 4.7.3: Letting Zj denote the operator Z acting on qubit j, we define
Z(S) = j∈S Zj for every subset S ⊆ {1, . . . , n}. Using
1 X
|0ih0| = n
Z(S),
(4.37)
2
where the sum is over all subsets S, one finds
1 X
h0|U † Z(S)U|0i.
(4.38)
|h0|U|0i|2 = h0|U † |0ih0|U|0i = n
2
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Setting Gj := U † Zj U yields
h0|U † Z(S)U|0i = h0|

Y

Gj |0i =: F (S)

(4.39)

j∈S

for every subset S. Since the Zj mutually commute, the Gj mutually commute as well as these
operators are obtained by simultaneously conjugating the Zj . Furthermore since U has depth
m, each Gj acts on at most 2m qubits. Thus F (S) is a matrix element of a 2m -local commuting
circuit. Via the standard Hadamard test (recall Fig. 4.2 and the proof of theorem 4.5.1) one
constructs a k-local commuting circuit with k = 2m +1 which allows to estimate any such matrix
element with polynomial accuracy in polynomial time, with success probability exponentially
close to 1.
We now use these findings to give an efficient Γk -algorithm to P
estimate γ := |h0|U|0i|2 with
−n
polynomial accuracy. Owing to (4.38)-(4.39), one has γ := 2
F (S). Thus γ equals the
n
expectation value of a random variable over the collection of all 2 subsets S which takes the
value F (S) with uniform probability. Fix  > 0. First we generate K subsets Sα ⊆ {1, . . . , n}
uniformly at random. Applying the Chernoff-Hoeffding bound we find that, for some sufficiently
large K = poly(n, 1/), one has
K
1 X
F (Sα ) − γ ≤ /2
K

(4.40)

α=1

with probability exponentially close to 1. Next, as described above we can efficiently compute
an estimate fα of each F (Sα ) using Γk -circuits with k = 2m + 1; more precisely, we compute K
numbers fα satisfying |fα − F (Sα )| ≤ /2. The runtime of the computation willP
be poly(n, 1/)
and the success probability exponentially close to 1. Finally, we compute c := [ fα ]/K which
takes poly(n, 1/) time as well. Using (4.40) and the triangle inequality it follows that |c−γ| ≤ .
Thus c is our desired polynomial approximation of γ.

Finally we note that theorem 4.7.3 can be generalized in the following rather intriguing
sense: using Γk -circuits one can also efficiently estimate matrix elements of the form |h0|UC|0i|2
where U is again a constant-depth circuit and where C represents an arbitrary uniform family
of Clifford circuits. Interestingly, these Clifford circuits need not have constant depth.
Theorem 4.7.4. Let U be a (uniform family of ) n-qubit quantum circuit(s) of depth m. Let C
be a (uniform family of ) n-qubit Clifford circuit(s). Then the problem of estimating the matrix
element |h0|CU |0i|2 with polynomial accuracy and with success probability exponentially (in n)
close to 1 is in Γk with k = 2m + 1.
Proof. Similar to (4.38) one has
|h0|CU |0i|2 =

1 X
h0|U † C † Z(S)CU |0i.
2n

(4.41)

Since C is Clifford, C † Z(S)C =: P is a Pauli operator which can moreover be determined
efficiently; that we suppress dependence of P on S to simplify notation. Following (4.28), we
can write
Y a b
P = it
Xk k Zkk , where t ∈ {0, 1, 2, 3}, ak , bk ∈ {0, 1}.
(4.42)
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Now define Gk := U † Xkak U and Hk := U † Zkak U as well as C1 :=
h0|U † C † Z(S)CU |0i = it h0|C1 C2 |0i.

Q

Gk and C2 :=

Q

Hk . Then
(4.43)

Since the Zk mutually commute, the Gk mutually commute as well. Furthermore each Gj
acts on at most 2m qubits. Therefore C1 is a 2m -local commuting circuit. Similarly, C2 is a
2m -local commuting circuit as well. We can now apply theorem 4.7.1, showing that h0|C1 C2 |0i
can be estimated with polynomial accuracy using Γk -circuits with k = 2m + 1. Continuing the
argument as in the proof of theorem 4.7.3 completes the proof.
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