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Abstract

Wedevelopa schemefor quantum computation with atomic many-body states.
The systemwehave in mind consistsof a two-speciesinteracting Bose-Einstein
condensate,which, under certain conditions, behaves like a robust two-level
system protected by an energy gap from higher excited levels. Using these
two states to encode the qubit, we show how to perform a universal set of
quantum gatesby inducing energy shifts on the atomic levels, changing the
Raman coupling betweenatomic statesand allowing tunneling betweenpairs
of condensates.Finally, we discussthe limitations of our schemeand �nd that
particle lossesare an important sourceof decoherence.
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Chapter 1

In tro duction

Quantum theory is already known for more than 100 years. The �rst ideas
suggestingthat quantum theory could allow for models of computation that
are more powerful than the onesusedin classicalcomputation cameup in the
beginningof the 1980s.

Richard P. Feynmanpointed out in 1982[1] that the simulation of a quan-
tum systemof N particles on a classicalcomputer cannot be donewithout an
exponential slowdown in the e�ciency of the simulation. However, Feynman
proposedthat this slowdown could be avoided by using a computer exploit-
ing the laws of quantum physics. In other words, a quantum system could
e�cien tly simulate a quantum system. Quantum computational models were
alsoconstructedby Benio� [2] in 1982,but Deutsch arguedin [3] that Benio� 's
model can be perfectly simulated by an ordinary computer.

Three yearsafter the proposalof Feynman, in 1985,David Deutsch intro-
duceda completequantum model for computation and gave a description of a
universalquantum computer [3]. He alsodevisedthe �rst quantum algorithm,
Deutsch's two bit problem [3]. This was the �rst computational problem for
which it was shown that a quantum mechanical system, i.e. a quantum com-
puter, is superior to classicalcomputers. Later on Deutsch and Jozsa[4] found
an extensionof the algorithm yielding exponential speed-upcomparedto clas-
sical computers.

For almost 10 years, there were no major breakthroughs and quantum
computation remaineda curiosity. This situation changedin 1994,whenPeter
Shor introduced his quantum algorithm for factoring integers in polynomial
time, much more e�cien t than by any known classicalalgorithm. Shor'salgo-
rithm was not only a surprise for complexity theorists for which factoring is
an exampleof a hard problem for which no e�cien t solution was believed to
exist. It is alsoa Holy Grail for eavsdroppingsecretservices,sincethe security
of the most popular public key encryption systemsrelieson the assumeddi�-
culty of factoring largenumbers. Sincethen, a number of newalgorithms were
discovered,the most prominent of which is Grover's databasesearch algorithm
[5].
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Theseperspectives for practical applications motivated the search for po-
tential implementations of quantum computers. The basic requirement for a
quantum computer is a set of quantum mechanical two-level systemswhich
can be initialized, coupled and measuredin a controlled way. Information
is stored in these two-level systems,named quantum bits, or qubits. Many
physical systemsseemto be promising candidatesfor implementing quantum
computation, amongthosearesinglephotons[6], quantum dots [7], atomsand
ions [8],[9], superconducting Josephsonjunctions [10], and nuclear magnetic
resonancesamples[11]. For a review seealso [12].

One promising systemfor implementing quantum computation are neutral
atoms. In the last few years,a great progresshas beendone in the trapping
and manipulation of neutral atoms. For instance, the atoms may be cooled
to very low temperaturesand atoms can be trapped and addressedindividu-
ally. In addition, the atoms can be initialized and manipulated to a precise
quantum state. Therefore,over the last few years,several implementations of
neutral-atom computing, exploiting various trapping methods and entangling
interactions,havebeenproposed[13],[14] most of them basedon neutral atoms
in optical lattices.

One of these proposals [9] is based on controlled collisions and on the
manipulation of individual atoms in a perfectly loaded lattice. With such
an deviceit is possibleto build a universalquantum computer [9] or quantum
simulator [15]. The controlled collisions have been demonstrated partly by
Mandel et al. [16],[17]. However, this proposal has someproblems, like the
lossof atoms, or most importantly, defectsin the �lling of the lattice, i.e. the
number of atoms per lattice site cannot be controlled perfectly.

To avoid the problem of defects,we present an approach to quantum com-
putation in which the qubits are encoded with atomic many-body states. A
promising candidate is a two-component Raman-coupledBose-Einsteincon-
densate.As it wasshown in reference[18], that under certain conditions, this
system has an almost degenerateground state which is separatedfrom the
excited levelsby an energygap. The atomic ensemble then behaveslike a two-
level systemthat could be usedto encodea qubit. Furthermore, the properties
of thesestates are not very sensitive to the number of particles. We explore
the idea of using thesetwo many-body statesto encode a qubit and present a
schemefor quantum computation.

The thesis is organizedas follows:
In chapter 2 we give a brief introduction to the basicconceptsof quantum

computation. In chapter 3 we discussthe low-energyphysicsof a two-species
interacting Bose-Einsteincondensatereviewing somework done in reference
[18]. We discussthe low-energyphysics of this system and show that under
certain conditions, the system can be regardedas a quantum two-level sys-
tem.Chapter 4 contains the central part of this thesis. We present a scheme
for quantum computation wherethesetwo many-body statesencodethe qubit.
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Inducing energyshifts on the atomic levels,changing the Raman coupling be-
tweenatomic states and allowing tunneling betweenpairs of condensates,we
show how to realizea universalsetof quantum gates. As an examplewedesign
a protocol for creating a maximally entangled state, the singlet Bell state. In
chapter 5 we discussthe feasibility of the scheme. We analyzethe experimen-
tal requirements for the preparation and initialization of the qubit systemsas
well as for the realization of the quantum gates. In addition, we investigate
the e�ect of decoherencedue to uctuations of the number of particles on the
presented scheme.
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Chapter 2

Brief in tro duction to quan tum
computation

One of the new interdisciplinary �elds taking advantage of the possibilitiesof
quantum theory is quantum computation. The aim is to processand transmit
information exploiting the laws of quantum physics. We give here a brief
introduction to the basic conceptsof quantum computing, such as quantum
bits, quantum operations and universality. For this chapter [19] and [20] may
serve as generalreferences.

2.1 Quan tum bits

In classicalcomputation, the basic unit of information is the bit, which can
have two possiblestates, 0 and 1, e.g. realized by a full or empty capacitor.
Thinking about computation basedon the laws of quantum mechanics, it is
natural to take as basic unit the corresponding quantum mechanical system,
i.e. a systemwith two basisstates,usually denotedj 0 i and j 1 i . This can be
any (e�ectiv e) two-level system,like a spin, someatom or ion in its ground or
an excited state, the polarization of a photon, or, as in this thesis, the ground
and excited state of a many-body system. In correspondenceto the classical
bit, such an two-level systemis called a quantumbit, or qubit [21].

The outstanding property of a qubit is, that, in contrast to the classical
bit, it is not restricted to be in either the state 0 or 1{as a quantum system,
it can be in any superposition of the state vectors j 0 i and j 1 i ,

j� 1i = � j 0 i + � j 1 i ; (2.1)

with complexcoe�cien ts � and � , j� j2 + j� j2 = 1.
Talking of a singlequbit, it can be useful to think of the qubit as a point

(� ; � ) on a unit spherecalled Bloch sphere. For this purpose,the qubit state
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j� 1i (2.1) is rewritten in the form

j� 1i = cos
�
2

j 0 i + ei� sin
�
2

j 1 i ; (2.2)

where� canalways be takenreal by properly choosingthe unobservableglobal
phase.As illustrated in �gure 2.1, j� 1i can be represented by the unit vector
(cos� sin� ; sin� sin� ; cos� ), called the Bloch vector.

Figure 2.1: Bloch sphererepresentation of a qubit.

Still, onequbit is not enoughfor arbitrary computations. Therefore,let us
discusssomeof the featuresof a N -qubit system. Quantum mechanics now
takesplacein the 2N -dimensionalHilbert spacespannedby the product states
fj 00::0i ; j01::0i ; ::; j11::1ig :1 Thesestatescorrespond to the classicallypossible
states formed by N bits. In the sameway as for one qubit, a many-qubit
systemcan be in a superposition of all thesestates,e.g.

j� N i =
1

2N =2
(j00::0i + j01::0i + :: + j11::1i ) : (2.3)

This superposition o�ers the possibility of using all classicallypossiblestates
as an input for quantum computation at only one operational step. This so
calledquantum parallelismallows to run the computation on all 2N classically
possible input states at the sametime, which is one of the reasonsfor the
computational power of a quantum computer.

Apart from this quantum parallelism, which also exists for one-qubit sys-
tems, the possibility of superposition additionally o�ers a new resource(com-
pared to classicalcomputation) within composite systems: entanglement. In
quantum mechanics, composite systemsusually cannot be described by giv-
ing the states of all the subsystemsseparately, that is by a product state

1The mathematical structure behind the composition of quantum systemsis the tensor
product. Hence,a vector like j00::0i has to be read j0i 
 :: 
 j0i = j0i 
 n .
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j� N i = j� 1
1i 
 :: 
 j� N

1 i . Someof the characteristicsof onesubsystemmay de-
pend on the state of the other subsystem,a phenomenoncalledentanglement.
Entanglement is one of the characteristicsof quantum theory which doesnot
exist in classicalphysics. It seemsto bea key resourcein quantum information
and quantum computation [22]. A typical examplefor an entangled state is
the singlet Bell state

j� B ell i =
1

p
2

(j01i � j10i ) : (2.4)

Obviously, it cannot be written as a product of two one-qubit states,

j� B ell i 6= [� A j 0 i + � A j 1 i ] 
 [� B j 0 i + � B j 1 i ] : (2.5)

In contrary, (2.3) is not entangled, sinceit is a product state,

j� N i =
1

2N =2
(j 0 i + j 1 i ) 
 N : (2.6)

2.2 Quan tum operations

Similar to the classicalcasewherecomputation can be decomposedinto a se-
quenceof elementary logicalgateslikeAND or NOT, the evolution of quantum
bits is described by the successive application of quantum gates. Theseare
composedout of unitary transformations and are therefore reversible. As for
classicallogic networks, there exist universalsetsof quantum gates: any logic
quantum gate, i.e. any unitary acting on arbitrary many quantum bits, can
be composedout of an entangling two-qubit gate, together with the arbitrary
operations on singlequbits (single-qubit gates) [20].

Each unitary transformation correspondsto a rotation in the Hilbert space.
The generatorsof rotations in the two-dimensionalHilbert spaceare the Pauli
matrices

� x =

 
0 1
1 0

!

; � y =

 
0 � i
i 0

!

; � z =

 
1 0
0 � 1

!

: (2.7)

Each of thesematricesgeneratesa rotation about the x; y; z-axis of the Bloch
sphere,respectively. Hence,each single-qubit gate can be described by a rota-
tion of the Bloch vector about a normalizedaxis ~n by an angle � ,

R~n (� ) = e� i �
2 ~n~� = cos

�
2

11 � i sin
�
2

(~n~� ): (2.8)

Furthermore, each rotation within a two-dimensionalunit spherecan be
decomposedinto successive rotations about two �xed non parallel axes[20].
Therefore,for an arbitrary transformation of the state of onequbit, it is su�-
cient to possesstwo setsof single-qubit gatescorresponding to rotations about
two di�eren t axes.
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Two examplesof single qubit gates that directly follow from a rotation
generatedby oneof the Pauli matrices (2.7), are the NOT gate (negating the
state of the qubit) and the phase-gate(where the state j 1 i acquiresa relative
phase� ). They are represented by

 
0 1
1 0

!

;

 
1 0
0 ei�

!

; (2.9)

and result from a rotation about the x- and the z-axis, respectively.

The most famousexampleof a \univ ersal" two-qubit gate is the controlled-
NOT gate. It negatesthe state of the secondqubit if, and only if, the �rst
qubit is in the state j 1i . However, any two-qubit gateproducing entanglement
out of an unentangled two-qubit state is universal [23],[24].
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Chapter 3

Tw o-species Bose-Einstein
condensate

This chapter providesan overviewof work doneby Cirac, Lewenstein,M�lmer
and Zoller [18] in which they investigate the low-energyphysicsof a trapped
gas of bosonicatoms, with two internal degreesof freedom. The physical is
describedin detail, followedby an analysisof its low energyphysics,focusingon
the structure of the groundand the �rst excitedstate. As demonstratedin [18],
in a certain regimeof parameters,thesetwo statesconsistof a superposition of
two Bose-Einsteincondensates,that is, they are Schr•odinger-catstates. These
two states, which are later usedto encode a qubit, are the basic elements in
the schemefor quantum computation we present.

3.1 Hamiltonian

We consider Bose-Einsteincondensationof a trapped gas of N atoms that
are con�ned by a quasi harmonic potential, as e.g. realizedby a magnetic or
optical trap. Each atom possessestwo internal degreesof freedom, denoted
by jAi and jB i , which could represent two hyper�ne levels. The two internal
levels are connectedby a coherent Raman-like transition, jAi $ jB i . The
interaction betweenthe atoms occursvia elastic collisions.

3.1.1 Quan tum �eld mo del

The Hamiltonian of the systemis given by

H0 = HAB + H int + H las; (3.1)

where

HAB =
X

i = A;B

Z
d3~x 	̂ y

i (~x)

"

�
�h2

2M
r 2 +

1
2

M ! 2
i x2

#

	̂ i (~x); (3.2)
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H int =
X

i;j = A;B

Z
d3~x 	̂ y

i (~x)	̂ y
j (~x)

�h Uij

2
	̂ j (~x)	̂ i (~x); (3.3)

H las = �
�h

2

Z
d3~x

h
	̂ y

B (~x)	̂ A (~x)e� i � t + 	̂ y
A (~x)	̂ B (~x)ei � t

i
: (3.4)

The Hamiltonian HAB describesthe systemin the absenceof interactions.
The �rst term of HAB refersto the kinetic energyand the secondterm to the
trapping potential. The frequenciesare denoted! A ; ! B for atoms in state jAi
and jB i , respectively.

The term H int describes the interactions due to collisions between the
atoms. The interaction strength UAA (UB B ) characterizescollisions between
atoms in the samestate jAi , (jB i ), and UAB refers to interspeciescollisions.
The interaction strengths depend on the scattering length asc

i and the mass
M of the particles like Ui = 4� �hasc

i
M ; i = AA; BB; AB . Throughout this thesis

repulsive interactions are considered,i.e. the scattering lengths (and there-
fore the Ui ) are assumedto be positive. Furthermore, it is assumedthat all
collisionsare purely elastic and conserve the internal state.

The Hamiltonian H las describesa Raman transition induced by a laseror
a microwave �eld detuned by � from the Raman resonance.This Josephson-
like coupling inducesa coherent transfer betweenparticles in di�eren t internal
statesat an e�ectiv e Rabi frequency
 > 0.

The operators 	̂ k(~x); k = A; B ; are bosonic�eld operators that annihilate
an atom in the internal state jki at position ~x. They obey the standardbosonic
commutation relations

[	̂ k(~x); 	̂ y
k(~x0)] = � (~x � ~x0) (3.5)

and [	̂ A (~x); 	̂ B (~x)] = [	̂ y
A (~x); 	̂ y

B (~x)] = 0: (3.6)

3.1.2 Tw o-mo de mo del

The Hamiltonian presented above cannot be solvedanalytically [18]. However,
for low temperatures and a low density of particles [25], the system can be
described by a two-mode model, leading to much simpler expressionsfor the
terms of the Hamiltonian (3.1). For this reasonit is assumedthat the bosonic
gasis cooleddown to the groundstate of the trap, sothat the motional degrees
of freedomof the atoms are frozen. As a consequence,the spatial degreesof
freedomcan be described by a singlemode function, namely the ground state
� 0(x) of the trap. Therefore,only the dynamicsof the internal levels jAi and
jB i are relevant and the �eld operators are expressedas

	̂ A (~x) = � 0(~x) a and 	̂ B (~x) = � 0(~x) b; (3.7)

where a; b are bosonicannihilation operators that destroy a particle in the
internal state jAi and jB i , respectively. They satisfy the standard bosonic
commutation relations [a;ay] = [b;by] = 1 and [a;b] = [ay; by] = 0.
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This two-mode model simpli�es the multimode terms of the Hamiltonian
(3.1) to

HAB = �h! A aya + �h! B byb; (3.8)

H int =
1
2

�h eUAA ayayaa +
1
2

�h eUB B bybybb+ �h eUAB aybyba (3.9)

H las = � �h � ( aybe� i � t + bya ei � t ); (3.10)

wherethe coe�cien ts ~Ui and � , derived from those in (3.2, 3.3, 3.4) are given
by

eUi =
Z

d3~x Ui j� 0(~x)j4 i = AA; BB; AB (3.11)

and � =
Z

d3~x


2

j� 0(~x)j2 =


2

: (3.12)

For the sake of simplicity it is assumedthat the internal states jAi and jB i
are degenerateand that the Raman coupling is resonant, that is � = 0. In
addition, it is assumedthat the trapping potential and the scattering length
do not depend on the internal state of the atoms.

Thus we set ! AA = ! B B � ! , asc
AA = asc

B B � a0 and therefore eUAA =
eUB B � U0. For convenience,one can de�ne asc

AB � a1 and ~UAB � U1. Since
the number operator N̂ = aya+ byb commutes with the Hamiltonian, the total
number of particles is conserved and the term HAB = �h! N̂ can be neglected.
Under theseconditions, the two-mode model Hamiltonian reads

H0 =
U0

2
(ayayaa+ bybybb) + U1aybyba� � (ayb+ bya); (3.13)

wherewe set �h = 1. The Hamiltonian is invariant under the exchangeA $ B.
This ideal symmetric situation is barely realizablein a real experiment, since
atoms in di�eren t hyper�ne levels experiencedi�eren t Zeemanshifts in the
magnetic �eld, and therefore feel di�eren t trapping potentials. In general, if
! A 6= ! B , one can always compensatethe potential di�erence, choosing the
detuning � = ! A � ! B appropriately. For this reasonit should be noted that
thesesimpli�cations only have a technical character. In [18] it is mentioned
that by appropriately choosing the detuning �, it should also be possibleto
compensatefor other e�ects, like the displacement of the traps with respect
to each other, due to the di�eren t Zeemaninteractions, and to gravit y.

3.2 Analysis of the two-mo de mo del

Even the two-mode model Hamiltonian H0 (3.13) cannot be solved exactly
by analytical methods [18]. However, for studying the low-energyphysics of
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H0, a mean �eld approximation can be used. Within this approximation the
ground state of the systemis studied. In particular, under certain conditions
the ground state is a Schr•odinger-catstate. The Hamiltonian is diagonalized
exactly numerically for N = 200and the exact numerical resultsarecompared
with the mean �eld solutions. Over a wide range of parameters,the results
are in good agreement.

3.2.1 Mean �eld appro ximation

A gasof cold bosonicatomsis a weakly interacting system. Therefore,in order
to obtain an analytical expressionfor the ground state, a reasonableapproach
is to usea mean�eld Ansatz, whereit is assumedthat in the ground state of
the N -particle system,all the atoms are in the samesingle-particlestate

j 1i = � jAi + � jB i : (3.14)

� and � are the probability amplitudes of the statesjAi and jB i , respectively.
Theseprobability amplitudes� and � satisfy the normalization condition j� j2+
j� j2 = 1: Thus, the mean �eld Ansatz for the ground state is given by the
condensatestate

j N i = j 1i 
 N =
1

p
N !

[� ay + � by]N jvaci ; (3.15)

wherejvaci denotesthe vacuum state.
The variables � and � characterizing the mean �eld ground state (3.15)

are determined by minimizing the energy of the state j N i (3.15), i.e. the
expectation value h N jH0j N i . Depending on the parametersof the system,
the following solutions are obtained:

� (a) U1 < U0 : For the casewherethe A � A and B � B collisionsdominate
the collisional interactions, one obtains � = � = 1p

2
. Hence, in the

ground state each atom is in an equal superposition between the two
internal states,so that the wave function is given by

j 0
N i =

1
p

2N N !
[ay + by]N jvaci : (3.16)

The corresponding energyis E0 = N 2 � N
4 (U1 � U0) � �N .

� (b) U1 > U0 : For the casewhere the interspeciescollisions A � B
dominate the collisional interactions onehas to distinguish betweentwo
regimes.They arecharacterizedby � � 1 and � < 1, respectively, where
the parameter

� =
2�

(N � 1)(U1 � U0)
(3.17)

is determined by the relative strengths of the laser coupling and the
collisional interaction.
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{ (i) � � 1: In this case� = � = 1p
2

and we again �nd the mean�eld
wave function j 0

N i (3.16) with energyE0 asin the caseof U1 < U0.

{ (ii) � < 1: In this casethe solution is two-fold degenerate.The two
statesare

j +
N i =

1
p

N !
[ � ay + � by ]
 N j 0 i ; (3.18)

j �
N i =

1
p

N !
[ � ay + � by ]
 N j 0 i ; (3.19)

where� =
h

1
2 (1 +

p
1 � � 2)

i 1=2
; � =

h
1
2 (1 �

p
1 � � 2)

i 1=2
:

The corresponding energyis E = N
2 [ U0(N � 1) � � � ].

The previous discussionshows that in case(b), U1 > U0, the parameter
� = 2�

(N � 1)(U1 � U0 ) (3.17) determines the structure of the mean �eld ground
state. In principle, the scattering lengths and the interaction strengths U0

and U1 are tunable by Feshbach resonancesas will be described in chapter 5.
However, they are usually kept constant during an experiment. Hence, the
characteristics of the systemcan be adjusted by tuning the laser strength � ,
and thereby changing the value of �.

Throughout the thesis,we will considerthe case(b), i.e. U1 > U0, for which
we demonstratedthat under certain conditions, two mean �eld solutions for
the ground state exist. In chapter 4 we will usea two level systembasedon
thesetwo statesto encode a qubit.

3.2.2 Mean �eld ground state in spin represen tation

In this section, the structure of the mean �eld ground states obtained in the
previoussectionis discussedin more detail. For this purpose,a spin represen-
tation of the two internal statesof the atoms is introduced,

jAi  ! j " i and jB i  ! j # i ; (3.20)

where the spin quantization is relative to the z-axis. In this notation, super-
positions of the two internal statesof an atom may be pictured as

j� j > j� j : j % i = � j " i + � j # i (3.21)

j� j < j� j : j & i = � j " i + � j # i (3.22)

� = � : j ! i =
1

p
2

j " i +
1

p
2

j # i : (3.23)

The rotation angleof the spin, relative to the z-axis, dependson the relative
magnitudesof the absolute valuesof the coe�cien ts � and � , that is of the
relative weight of the states j " i and j # i .
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Using this formalism, we can better understandthe structure of the mean
�eld ground states by analyzing the Hamiltonian H0 (3.13) for the di�eren t
regimesof � in a qualitativ e way. In order to simplify the discussion,we write
hereoncemore the Hamiltonian (3.13),

H0 =
U0

2
(ayayaa+ bybybb) + U1aybyba� � (ayb+ bya): (3.24)

Let us analyzethe following cases:

� � = 0: Rewriting the two degeneratemean �eld ground states j	 � i
(3.18, 3.19) in the spin representation, we obtain

j +
N i �=0 = j " i 
 N = j """ :: " i

j �
N i �=0 = j # i 
 N = j ###:: # i

Looking at the Hamiltonian (3.24), it canbeeasilyunderstood why these
statesare the ground statesof the system. For � = 0, no lasercoupling
between the two internal states of the atoms occurs. Thus, the last
term of H0 vanishesand only the collisional interactions determine the
structure of the ground state. Sincewe are in the regimeU1 > U0, the
interaction energyis minimized when all atoms are either in the spin up
state or in the spin down state. Furthermore, sinceUAA = UB B , these
two statesmust be degenerate.

� � � 1: The ground state j	 0i (3.16) is represented by

j 0
N i = j ! i 
 N = j !!! :: ! i : (3.25)

In this case,the Ramancouplingbetweenthe internal statesof the atoms
is the dominant term of the Hamiltonian (3.24). The energyof this cou-
pling term is minimized if each atom is in an equalsuperposition between
j " i and j # i , i.e. j	 1i = j ! i 
 N . This is exactly the con�guration real-
ized in the ground state.

L

U > U1 0

U < U1 0

N

N

N

N

N

N

1

Figure 3.1: Spin diagram
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� 0 < � < 1 : Here, the two degeneratemean �eld ground states j	 � i
(3.18, 3.19) rewritten in the spin representation are given by

j +
N i � = j % i 
 N = [� j " i + � j # i ]
 N

j �
N i � = j & i 
 N = [� j " i + � j # i ]
 N :

The rotation angleof the spin, moreprecisely� and � , only dependson �
(3.17). Qualitativ ely, this con�guration of the spinscanbeunderstood in
the following way. The parameter � characterizesthe ratio betweenthe
strengths of the collisional interactions and the laser coupling between
the internal statesof the atoms. Hence,in the intermediate regime0 <
� < 1; the interaction terms of H0 (3.24) compete with the Raman
coupling. The mean�eld groundstate continuously interpolatesbetween
the two extreme casesfor � = 0 and � � 1. Starting from � = 0 and
increasingthe strength of the lasercoupling, the spin of each singleatom
of the ground state is rotated from the positive j " i (or negative j # i )
z-direction towards the x-axis (j ! i ).

3.2.3 Bey ond the mean �eld appro ximation

The mean �eld solutions discussedin the previous sectionsare the lowest-
energystates ful�lling the mean�eld Ansatz j N i = j 1i 
 N (3.15). However,
they are not the exact ground states of the system. In this section, a better
approximation for the ground state is given by making use of the structure
from the Hamiltonian (3.13). H0 is symmetric in the internal statesand thus
invariant under the symmetry operator TAB , which exchangesjAi with jB i .
This meansthat in the caseof no degeneracy, the Hamiltonian H0 and the
symmetry operator TAB must sharethe sameset of eigenstates.The eigenval-
ues +1 and � 1 correspond to states that are symmetric and antisymmetric,
respectively, under exchangeof the internal levels. Obviously, the two degen-
erate mean�eld ground states j �

N i (3.18, 3.19) do not satisfy this condition.
Hence,a better approximation for the groundstate in the regime� < 1, having
a lower energy, can be found by using the wave function

� < 1 : j	 � i �
1

n�
(j +

N i � j �
N i ); (3.26)

for the variational Ansatz. Thesesuperpositions of two degeneratemean�eld
solutions j �

N i lead to two orthogonal quasi-degeneratestates,which are now
eigenstatesof TAB . Therefore, the symmetry of the Hamiltonian is now re-
ected in the ground state. From now on, we will not write the normalization
factor n� =

q
2 (1 � h +

N j �
N i ) =

q
2 (1 � � N ) explicitly. 1

1Keep in mind that becauseof n+ 6= n� we have j	 + i � j	 � i 6= j �
N i (for � 6= 0).
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The expectation value of the energyin the states(3.26) is found to be

E � =
N 2 � N

4
2U0 � � 2(U1 � U0) � � N (3 U0 � U1)

1 � � N
: (3.27)

Thus, the energydi�erence � separatingthe two states is given by

� = E � � E+ = �N � N � 1 1 � � 2

1 � � 2N
: (3.28)

Thereforej	 + i haslower energythan j	 � i , and for � � 1 the two statesj	 � i
are quasi-degenerate.

The mean �eld ground state obtained for strong laser coupling is already
symmetric in jAi and jB i , thus we de�ne

� � 1 : j	 0i � j 0
N i : (3.29)

3.2.4 Schr•odinger-cat states

In this sectionthe structure of the two states j	 � i (3.26) is analyzedin more
detail. Rewriting them as

j	 + i = j +
1 i 
 N + j �

1 i 
 N (3.30)

j	 � i = j +
1 i 
 N � j �

1 i 
 N (3.31)

onecaneasilyseethat they consistof a superposition of two macroscopicstates
in which all atoms are in either the single-particlestate j +

1 i = � jAi + � jB i ,
or in the single-particle state j �

1 i = � jAi + � jB i . In literature, states of
this structure areknown asSchr•odinger-catstates.2 They arecharacterizedby
their coherent inclusionof macroscopicallydistinguishablestates. Therefore,in
order to bea \good" (that is a macroscopicor at leastmesoscopic)Schr•odinger-
cat state, the two macroscopicstates j �

N i have to be as di�eren t as possible.
This requiresthat their overlap � ,

� = h +
N j �

N i = N 
 h +
1 j �

1 i 
 N = � N ; (3.32)

is as small as possible,i.e. � � 1, or equivalently that the \size of the cat",
which can be de�ned as 1

� is as large as possible.
As seenin equation (3.26), it is preciselyin this regimeof \big" cat states,

� N � 1, that the two states j	 � i (3.26) are quasi degenerate.

2This expressionis derived from the famous Gedankenexperiment of Erwin Schr•odinger
of 1935 [26], in which he illustrated the problem that arises when applying the quantum
superposition principle to states of macroscopicsystems. The two superposedmacroscopic
states in the Gedankenexperiment where a dead and an alive cat.
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3.3 Exact numerical calculations

In the previous section the low-energyphysics of the two-mode Hamiltonian
H0 (3.13) was investigated by using a mean �eld approximation and taking
advantage of the symmetry of the Hamiltonian. Now, the obtained analytical
results are comparedwith the exact results of a numerical diagonalization of
H0. For this reasonthe structure of the exact lowest-energyeigenstatesof the
Hamiltonian is discussedas the system is driven acrossthe phasetransition
to the Schr•odinger-cat phase. We show, that outside the transition region,
the analytic expressionsobtained in the previous section are very satisfying
approximations. Through the analysisof the energyspectrum, an insight into
the structure of the higher excited statescan alsobe gained.
In all the examplesof this section, the number of atoms is �xed at N = 200,
and the ratio of the binary interaction strengths is taken U1

U0
= 3.

3.3.1 Eigenstates

For the numerical calculation of the eigensystemof the Hamiltonian, the
Hamiltonian is represented in the Fock basis f jN � ni A 
 jni B g; n = 0::N ,
where each state is characterizedby the number of particles in the internal
states jAi and jB i . In this basis H0 is a real symmetric tridiagonal matrix
of dimensionN + 1 � N + 1. Thus, for a �xed number of particles, it can be
diagonalizedby numerical methods.

Let us denotethe eigenstatesof the Hamiltonian by

j	 i i =
NX

n=0

ci
n jN � ni A 
 jni B ; (3.33)

with real3 coe�cien ts ci
n and the corresponding energiesE i (i = 0; 1; ::; N and

E0 � E1 � :: � EN ). For the discussion,it is convenient to also expressthe
approximate mean �eld states j	 + i , j	 � i (3.26) and j	 0i (3.29) in the Fock
basis. Then the index i in (3.33) additionally runs over + ; � and 0. Using
this notation the validit y of the approximated solutionsis investigatedand the
structure of the lowesteigenstatesof H0 is discussed.The resultsarepresented
in �gures. 3.2-3.4.

The mean �eld calculations done in the previous section predict a phase
transition for � = 1 from a phase where the two lowest-energystates are
Schr•odinger-cat states (� < 1), to a phasewith no macroscopicsuperposi-
tions of the ground state (� > 1). Figure 3.2 depicts the B-atom number
distribution for the ground state j	 0i asa function of �. The Schr•odinger-cat
structure is observed, as well as the phasetransition with a transition point

3SinceH = H + and H ij 2 R; 8i; j 2 f 0::N g, we can always choosethe eigenvectors to
be real: H v = �v ) H v� = �v � ) w � v + v� ; H w = �w and wi 2 R
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of � t � 0:97 for N = 200. Therefore,apart from the shifted transition point,
the structure of the lowest-energystates is well predicted by the states (3.26,
3.29) calculatedby useof the improved mean�eld approximation.

Of central importance in the derivation of the approximated states was
the A-B symmetry of the Hamiltonian (3.13), i.e. the invarianceof H 0 under
the exchangeof the internal states jAi $ jB i . This symmetry of the exact
eigentstate j	 0i and j	 1i is depicted in �gure 3.3. As for the mean�eld solu-
tions, the groundstate is symmetricand the �rst excitedstate is antisymmetric
under exchangeof jAi and jB i .

Figure 3.4 demonstratesthe overlap between the mean �eld states j	 � i ,
j	 0i and the exact numerical eigenstatesas a function of �. It is observed,
that outsidethe transition region � � � t , the statesare in good agreement, so
that the mean �eld states (3.26, 3.29) are good approximations for the exact
eigenstatesof the Hamiltonian (3.13),

� t � 1 : j	 � i � j	
0
1 i (3.34)

� t � 1 : j	 0 i � j	 0i : (3.35)

However, the mean�eld approximation is not valid in the vicinit y of the transi-
tion point. This canbeunderstood by the fact that the statestructure obtained
by the mean�eld approximation shouldbe valid in the limit N ! 1 , whereas
the numerical calculationsare computedfor a �nite number of particles. As a
consequence,the phasetransition occurs already for some� t < 1 and not at
� t = 1, as predicted by the mean�eld theory (3.26, 3.29).

3.3.2 Energy spectrum

Figure 3.5presents the numerically calculatedlow-energypart of the spectrum
asa function of �. For � below a critical value, the energiesE0 and E1 merge
and the two lowest statesin energybecomequasi-degenerate,aspredicted for
the transition to the Schr•odinger-catphasein the previoussection.

In order to analyze the energy spectrum, as well as the structure of the
excited states, in more detail the limiting casesof � = 0 and � � � t are
considered.

� For � = 0, the two lowest states in energyare degenerate.In addition,
the cat statesare well separatedfrom the rest of the spectrum. This can
beunderstood from the structure of the two states. For � = 0, the system
is in an equalsuperposition of the two stateswith either all atoms in the
state spin up, or all in the state spin down, j	 � i = j " i 
 N � j # i 
 N . A
possibility for an excitation of such a state is the ip of a spin, j " i $ j #i .
The energyone has to pay for that is � 0 = (N � 1)(U1 � U0). In fact,
this is exactly the sameenergy found by the numerical calculation of
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Figure 3.2: B-atom number distributions for the ground state (i.e., the coe�-
cients jc0

n j2 from the decomposition of j	 0i in the Fock basis(3.33)) for N = 200
(a) asa function of n and �, and (b) asa function of n and the valuesof � in-
dicated. � t = 0:97 indicates the transition point to the Schr•odinger-catphase
for � < � t . The quantities plotted are dimensionless.
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Figure 3.3: (a) B-atom number distribution for the ground state (i.e., the
coe�cien ts c0

n from the decomposition of j	 0i in the Fock basis (3.33)) as a
function of n for N = 200 and � = 0:5. (b) Sameas (a), but for the �rst
excited state (i.e., c1

n ). The quantities plotted are dimensionless.
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with the approximated mean�eld states: overlap q0 of j	 0i with j	 + i (� < 1)
and j	 0i (� � 1), respectively, and the overlap q1 of j	 1i with j	 � i (� < 1) as
a function of � for N = 200. For � � 1, no mean �eld approximation exists
for the �rst excited state.
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Figure 3.5: Low-energypart of the energyspectrum of the two-mode Hamil-
tonian H0 (3.13) asa function of �. All energiesare measuredwith respect to
the ground state energy.

E2 � E1.4 Thus, the secondand third excited states emergefrom the
ground and �rst excited state, respectively, by the ip of onespin,

j	
2
3 i = j # ij " i 
 N � 1� j " ij # i 
 N � 1; (3.36)

The next two excited states (j	
4
5 i ) emergefrom a secondspin ip and

are energeticallyraised in the spectrum by (N � 2)(U1 � U0), etc. These
spin-ip excitations also explain why the merging of the energy levels
for � < � t occurs within consecutive pairs of levels (see �gure 3.5).
Note that the A-B symmetry of the states j	 0i and j	 1i is due to their
Schr•odinger-catstructure. Therefore,the statesarising from the ground
state areall symmetric, and the statesarising from the �rst excitedstate
are all antisymmetric under exchangeof the internal levels.

� In the region where � � � t , the energydi�erence betweenconsecutive
levels increaseslinearly with �. As in the case� = 0, the structure of
the spectrum can be explained by assumingthe excitations to be spin
ips. As described in section3.2, this regimeis dominatedby the Raman
coupling of the internal atoic states,and the ground state of the system
is found to be j ! i 
 N , wherethe spin of each atom is pointing towards
the x direction. By ipping one spin of this state, j !i $ j  i , the
�rst excited state is reached, j ij !i 
 N � 1. This state has an increased

4For � small (� � � t ) the energygap E2 � E1 can be approximated by � � � 0
p

1 � � 2.
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energy of " = E1 � E0 � � (N � 1)(U1 � U0) = 2� with respect to the
ground state. The next excited states are constructed analogouslyand
it is observed that the systemas a whole behaveslike a ferromagnet.

3.4 Summary

In this chapter Bose-Einsteincondensationof a trapped gasof bosonicatoms
was described, where the two internal states of the atoms are coupled by a
Raman laser�eld. The low-energyphysicsof the systemwasanalyzednumer-
ically and by a mean �eld approximation improved by symmetry arguments.
Hereby, it was focusedon the casewhere the collisional interaction between
atomsin di�eren t internal statesdominatesthe onebetweenatomsin the same
internal state (U1 > U0). It was demonstratedfor � < � t that a phasetran-
sition to a Schr•odinger-catphaseoccurs,where� is a measureat the relative
strength for the coupling and for the collisional interactions. In this regime
the two lowest-energystatesare formed by a superposition of two condensate
states,that is, they are Schr•odinger-catstates. They are quasi-degenerateand
well separatedfrom the rest of the spectrum. The approximated results are
in good agreement with the exact numerical solutions. Therefore analytical
expressionsare available for the low-energyphysicsof the system.
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Chapter 4

Scheme for quan tum
computation

In this chapter we present a schemefor quantum computation, using the ideal
two-speciesBose-Einsteincondensate,asanalyzedin the previouschapter. As
we have seen,under certain conditions the systemis con�ned to a subspaceof
two states. In the �rst sectionof this chapter we discusshow thesetwo states
canbe usedto encode a qubit: the basicelement of any quantum computation
scheme. In sectiontwo we discusshow to manipulate the state of this qubit in
a controlled manner We show how to realizeone-qubit gatesas well as a two-
qubit entangling gate. Together,theseform a universalset of quantum gates.
As an example,we describe the time evolution of the systemthat results from
using the gatesto createa maximally entangled singlet state.

If not mentioned explicitely, we assumethroughout the chapter that we are
in the regimeof the Schr•odinger-catphase,that is � < � t and U1 > U0.

4.1 Enco ding a qubit

The basicelement of quantum computation is a two-level system: a qubit. In
order to be able to encode a qubit, we must identify a physical system that
acts as an e�ectiv e two-level system.

We saw in the previous chapter that, under certain conditions (U1 >
U0; � < � t ), the two lowest-energystates of an interacting two-component
Bose-Einsteincondensateare quasi-degenerateand well separatedin energy
from the rest of the spectrum. Therefore,as long as perturbations are much
smaller than this energygap, the subspacespannedby thesetwo state is pro-
tected against perturbations. Thus, within the regime � < � t the Hilbert-
spaceof the systemcan be projected onto this two-dimensionalsubspace,de-
noted by � 0 = spanfj 	 0i ; j	 1ig .
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Figure 4.1: Encoding a qubit.

The statesj	 0i and j	 1i are entangled many-body Schr•odinger-catstates.
However, we will not investigatethesestatesthemselves,but, as illustrated in
�gure 4.1, usethem to encode the two states j 0 i and j 1 i of a qubit.

Following the usual notation of quantum computation, we denotethe two
qubit statesby

j 0 i � j	 0i and j 1 i � j	 1i : (4.1)

Projecting the Hamiltonian H0 (3.13) onto the subspace� 0 of the two
qubit states,we derive the e�ectiv e Hamiltonian

H 0 = P H0 P = E0 j	 0ih	 0j + E1 j	 1ih	 1j; (4.2)

whereE0 and E1 are the exact eigenvaluesof j	 0i and j	 1i . P = j	 0ih	 0j +
j	 1ih	 1j is the projection operator that projects onto � 0, ful�lling P2 = P.
Operators projected onto the subspace� 0 are written as O = POP.

Expanding the Hamiltonian (4.2) in the Pauli basis f 11; � i g; i = x; y; z
(where the Pauli matrices are de�ned in the fj 	 0i ; j	 1ig basis), H 0 is given
by

H 0 =
E1+ E0

2
11 �

E1 � E0

2
� z: (4.3)

Now, by substituting the exact qubit states j	 0i and j	 1i , by their approxi-
mations j	 + i and j	 � i (3.31), respectively, we obtain an analytical expression
for the e�ectiv e Hamiltonian,

H 0 =
E++ E �

2
11 �

�
2

� z; (4.4)

where� = �N � N � 1 1� � 2

1� � 2N is the energysplitting betweenthe two qubit states.
For � < � t , the two states are quasi-degenerateso that we neglect the term
proportional to � z. Therefore, as it evolvesunder the action of the resulting
trivial Hamiltonian, the qubit simply acquiresan unobservable global phase
that we neglect.



4.2. QUANTUM OPERATIONS 25

4.2 Quan tum operations

In this sectionwe �rst show how to realizesingle-qubitoperations,rotating the
qubit stateabout the x- and the z-axisof the Bloch sphere.For this purposewe
induceenergyshifts on the atomic levelsby addinga state-dependent potential
to the Hamiltonian and adiabatically change the Raman coupling between
atomic states. In addition, we show that by allowing tunneling betweenpairs
of condensatesystems,the statesof the correspondingqubits canbeentangled.
Together, these operations form a universal set of quantum gates allowing
arbitrary computation.

4.2.1 Single-qubit gate via external poten tial

The �rst one-qubit operation we present generatesan x-rotation in the Bloch-
sphere.

State dependent poten tial

In order to control the time evolution of the qubit, we assumethat the trap-
ping potential dependson the internal states jAi and jB i of the atoms. This
additional potential raisesthe energyof oneof the internal stateswith respect
to the other, sothat the degeneracyof the internal statesis lifted. Experimen-
tally this can be realized by applying an external magnetic or electric �eld,
so that the Zeemanne�ect or Stark e�ect, respectively, causesthe degenerate
hyper�ne levels to split and thus they feel di�eren t trapping potentials. Fig-
ure 4.2 illustrates this situation with a raisedpotential for atoms in the state
jB i = j # i .

B = 0

V

B 0¹

a) b)

Figure 4.2: Magnetic �eld dependencyof the trapping potential for the two
di�eren t internal statesof the atoms.

This state dependent perturbation is reected in the addition of a potential
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V to the Hamiltonian H0 (3.13) of the unperturbed system,

H = H0 + V; (4.5)

whereV = � byb raises(or lowers) the potential for atoms in state jB i . The
perturbation strength � dependson the strength of the applied external mag-
netic �eld.

Provided the perturbation doesnot couplethe qubit subspace� 0 to higher
excited levels, the systemstill acts as a two-level system,and we may project
the perturbation term V onto � 0. Approximating the exact eigenstatesby the
man-�eld solutions j	 � i (3.26), the projection can be expressedanalytically:

V = � byb=

 x

2
� x ; (4.6)

where 
 x = �N

s
1 � � 2

1 � � 2N
: (4.7)

SinceV is proportional to � x , the state dependent potential generatesa rota-
tion of the qubit about the x-axis of the Bloch spherewith frequency
 x . This
rotation is described by the time evolution operator

U(t) =

 
cos
 x

2 t � i sin 
 x
2 t

� i sin 
 x
2 t cos
 x

2 t

!

: (4.8)

Quan tum gate

Choosing an appropriate rotation angle � = 
 x t � (by appropriately choosing
the duration t of the perturbation), a set of quantum gates based on the
rotation about the x-axis can be implemented,

Rx (� ) = U(t � ) =

 
cos�

2 � i sin �
2

� i sin �
2 cos�

2

!

: (4.9)

Examplesare  
0 1
1 0

!

and

 
1 i
i 1

!

; (4.10)

wherethe �rst gate (� = � ) known as the NOT-gate, negatesthe state of the
qubit, and the secondone (� = 3

2 � ) createssuperpositions of j 0 i and j 1 i .
Note that the timescaleof the gatesis determined by the rotation frequency

 x (4.7). Since
 x is proportional to N , for a macroscopicnumber of particles
the gatescan be madevery fast.

In order to understandwhy the state dependent perturbation generatesan
x-rotation, let us analyzeas an examplethe e�ect of the additional potential
on the time evolution of a qubit initially in the state j 0 i = j " i 
 N + j # i 
 N

(� = 0). During the evolution, the state with the highestenergy, i.e. j # i , will
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acquire an additional phaseas comparedwith the state of lowest energy, i.e.
j " i . Therefore,the initial state j 0 i evolvesas

j 0 i = j " i 
 N+ j # i 
 N � ! j " i 
 N+ e� i� t j # i 
 N � ! j 1 i = j " i 
 N� j # i 
 N :::
(4.11)

wherethe negationof the initial state (j 0 i ! j 1 i ) for � t = � correspondsto
the NOT gate. In the basisfj 0 i ; j 1 ig the evolution (4.11) is equivalent, up
to a global phase,to the x-rotation described by U(t) (4.8).

Validit y of the pro jection

For the projection of the Hamiltonian H = H0+ V (4.5) onto the qubit subspace
� 0 to be valid, the perturbation V must only weakly couple the subspace� 0

to higher excited levels. This is satis�ed for perturbations much smaller than
the energygap separating� 0 from the rest of the spectrum. In section3.3.2
we found that in the regime � � � t , the gap scaleslike N � 1. Thus, the
transition probability Pj0i! j2i for the excitation j0i ! j2i , computedaccording
to Fermi's goldenrule, has to ful�ll

PF ermi
j0i! j2i =

jh0 jV j 2ij 2

(E2 � E0)2=4
� � 2 � 2

(1� � 2)(U1 � U0)2

N
(N � 1)2

� 1; (4.12)

wherethe matrix element h0jV j 2i is computednumerically. Therefore,we can
always �nd a perturbation strenth � such that the projection is valid.

Fidelit y

Given the condition (4.12), we expect that the time evolution of the qubit
under the perturbation V is well describedby the time evolution operator U(t)
(4.8), obtainedby a projection onto the mean�eld statesj	 � i (3.26). We now
comparethis approximated time evolution with the exact solutions obtained
by numericaldiagonalizationof the two-modemodel Hamiltonian H = H 0 + V
(4.5). Figure 4.3 shows the exact numerically calculatedtime evolution of the
initial state j	 0i under the Hamiltonian (4.5) for a particle number of N = 200.
In order to judge the coincidenceof this evolution with the evolution predicted
by the time evolution operator U(t) (4.8) representing the quantum gate, we
compute the �delit y, de�ned as the overlap betweentwo states.1 It takesthe
value1 for statesthat areequalto each other and0 for orthogonalstates. In our
case,the �delit y is given by the overlap betweenthe expected wave-function
j	 ideal (t)i , described by the approximated time evolution operator U(t) (4.8)
de�ning the quantum gate,and the wave-function j	 exact (t)i obtainedby exact
numerical calculationsconsideringthe full two-mode model,

F (t) = jh	 ideal (t)j	 exact (t)ij 2: (4.13)

1To be exact, it is de�ned as the squareof the absolute value of the overlap.
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Figure 4.3 shows also the �delit y as a function of time. It has almost the
maximum value of 1. Thus, asexpected,the time evolution of the qubit, that
is the quantum operations basedon the spin-dependent perturbation V, is
well-described by the time evolution operator U(t) (4.8).
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Figure 4.3: Exact time evolution of the initial state j	 0i under the state de-
pendent potential. The occupation probabilities p0 and p1 of the qubit states
j	 0i and j	 1i , respectively, and the �delit y F (t) for N = 200; � = 0:1 and
�

U0
= 100 as a function of time. Times t � and t 3

2 � , where the gates(4.10) are
realizedare emphasizedin the plot.

Conclusion

To concludewe have shown that a set of quantum gates, basedon rotation
about the x-axis, e.g. a NOT gate, can be implemented by changing the po-
tential of one of the internal states jAi or jB i . The quantum operations are
well-described by the analytical expression(4.8).

4.2.2 Single-qubit gate via adiabatic phase

Any arbitrary unitary operation on a single qubit can be decomposed into
successive rotations about two non-parallel axes(seechapter 2). As a second
one-qubit operation, we show how to perform a rotation about the z-axis, that
is a phase-gate.
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Implemen ting a phase-gate

For the two states j	 0i and j	 1i to acquire a relative phase, they must be
separatedin energy. In the � � � t regime,we know that this is not the case
since the two states are quasi-degenerate,i.e. the energy di�erence between
them is much smaller than any timescaleof the system,thus doesnot lead to
an appreciablerelative phase. However, in section 3.3.2, when analyzing the
energyspectrum of the system,we saw that there existsa regimeof �, namely
� � � t , in which thesetwo statesare separatedin energy(see�gure 3.5).

To construct a phase-gate,let us �rst assumethat the system is in this
� > � t regime,and analyzethe time evolution of the eigenstatesj	

0
1 i . Since

we are considering free evolution, even in this regime of �, where the two
lowest-energystatesare not well separatedfrom the rest of the spectrum, we
are allowed to project the Hamiltonian onto the subspace� 0 of these two
eigenstates.Therefore,the free Hamiltonian is given by (4.3),

H0 = �
"(�)

2
� z; (4.14)

where" = E1 � E0 denotesthe exact energygapseparatingthe two statesat a
givenvalueof �. 2 The time evolution operator resulting from this Hamiltonian
is

U0(t) = e
i
2

R
" (�) � z dt =

 
1 0
0 ei�

!

: (4.15)

Thus, in the regime � > � t , the �rst excited j	 1i acquiresa relative phase
� = �

R
"(�) dt, corresponding to a rotation about the z-axis by an angle � .

To exploit the time evolution (4.15) for implementing a quantum gate, the
system has to be transferred from the initial regime � = � 0 � � t (where
j	

0
1 i are quasi-degenerateSchr•odinger-catstates), to the regime� � � t . This

is realized by adiabatically increasingthe parameter �. Experimentally this
correspondsto appropriately tuning the laserstrength � which is proportional
to �. Under the condition of adiabaticity, we can assume,as we will explain
later, that if the system starts in the ground state it remains in the ground
state during the process. The systemis kept in the � > � t regime until the
state j	 1i hasacquiredthe desiredrelative phase,and is then transferredback
to the initial regime. Following this scheme,a phase-gateis realized,given by

Rz(� ) =

 
1 0
0 ei�

!

; (4.16)

where � is now the phaseaccumulated during the process,� = �
R

"(�( t))dt.
For instance, a qubit initially in an equal superposition of the basis states,

2Note that " = E1 � E0 is the exact numerical expression,whereas� = E � E+ denotes
the mean �eld energygap in the regime � < � t .
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evolvesas

j 0 i � 0 + j 1 i � 0 � ! j 0 i � + ei� (t ) j 1 i � � ! j 0 i � 0 + ei� j 1 i � 0 :3 (4.17)

Condition for adiabaticit y

For this phase-gateto work, we have to ensurethat the systemremainswithin
the two-level subspaceduring the whole evolution. This can be achieved by
obeying the adiabatic theorem[27]. It statesthat, if the Hamiltonian of a sys-
tem is changedsu�cien tly slowly, i.e. adiabatically, a systemstarting in the
ground state remainsin the ground state (now corresponding to the Hamilto-
nian of the new parameters),etc. Hence,the systemcan be transferred from
oneregimeof parametersto anotherone,H ! H 0, without inducing transition
betweenthe states. Thus, even when \p erturbing" the systemadiabatically,
the projection (4.14) is still valid.

The condition for adiabaticity is given by

j thj j @H (t)
@t ji i t j

E j � E i
�

E j � E i

�h
; (4.18)

whereji i t ; jj i t areeigenstatesof the Hamiltonian at time t. Physically, the left
hand side is a measureof the changeof the eigenvectors of the Hamiltonian
with time. It has to be much smaller than the frequency of the transition
ji i ! jj i , described by the right hand side.

In implementing the phase-gatefollowing the scheme presented above,
equation (4.18) becomesa condition on _�. Since the equation depends on
the energygap E j � E i , it is reasonableto distinguish betweenthree regions
of � in the energyspectrum (see�gure (3.5)).4 Firstly, the � < � t regime,
with a largeenergygap betweenthe qubit subspace� 0 and the higher excited
levels, which only slowly varies with �. Secondly, the regime � ! � t with
a small, quickly varying energygap. Partly evaluated numerically, condition
(4.18) can be estimatedwithin thesetwo regionsby

� < � t : j _� j � 2 (1� � 2)(U1 � U0)
p

N � 1;
� ! � t : j _� j � f (N ) (U1 � U0);

(4.19)

where the function f (N ) slightly decreaseswith N, f (4) = 0:6; f (10) =
0:5; f (1000) � 0:01. We note that the �rst inequality becomeslessrestrictive
for increasingnumber of particles,whereasin the secondcase,_� only smoothly
decreaseswith N . In the third regime, � > � t , numerical calculation shows

3Do not confuse(4.17) with the example(4.11) given for the x-rotation: an x-rotation in
the fj 0 i ; j 1 ig basiscorresponds to an z-rotation in the fj " i 
 N ; j # i 
 N g basis.

4Note that since in our case[H 0(t); TA;B ] = 0, with TA;B the symmetry operator that
exchangesjAi and jB i , only states with the samesymmetry as the initial eigenstatecan be
accessed.Thus no transition j 0 i $ j 1 i can occur.
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that the transition amplitude for excitation is negligiblecomparedto the other
cases.Thus, for large N , the timescaleof the gate is primarily limited by the
adiabatic evolution near � t .

Fidelit y

If the conditions (4.19) for _� are obeyed, we expect the time evolution of
the qubit to be well described by the time evolution operator U0(t) (4.15),
i.e. no transitions to higher levels occur. We now present, as an example
for the implementation of the adiabatic phase-gate,the time evolution of the
qubit state j 0 i + j 1 i for the acquired relative phase� = � . Calculations
are doneby an exact diagonalizationof the full two-mode model Hamiltonian
H0(�) (3.13). To comparethe resultswith the evolution predictedby the time
evolution operator (4.15) describing the phase-gate,also the �delit y (4.13)
is calculated. The evolution under the adiabatic phase-gateis presented in
�gure 4.4: For � � � t the quasi-degeneracyof the two lowest-energystates is
lifted and the �rst excited state acquiresa relative phase. Furthermore, the
occupation probability of the qubit statesaswell as the �delit y are plotted as
a function of time. Even for a factor �v e usedto obey the conditions (4.19),
the �delit y doesnot decreasesigni�cantly.

Summary

We concludethat by adiabatically transferring the systemback and forth from
� 0 < � t to a regime where the two qubit states are separatedin energy, an
adiabatic phase-gatecan be implemented. The adiabatic conditions are given
by (4.19), and the transformation of the state of the qubit can be calculated
from (4.16).

4.2.3 Tw o-qubit gate via tunneling

We have presented two setsof one-qubit operationsthat together allow the ar-
bitrary manipulation of the state of a singlequbit. A universalset of quantum
gatesadditionally requiresa non-trivial two-qubit gate to allow entanglement
creation. In this section,we present a quantum gate that can generatemaxi-
mally entangled states of two qubits. The interaction is mediated via second
order tunneling processesbetweentwo adjacent traps.

Tw o-qubit problem

Considertwo systemsasdescribed in chapter 3, characterizedby the samepa-
rametersU1, U0, � and by the samenumber of particles, N . The experimental
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Figure 4.4: Adiabatic phase-gatefor phase� = � , with � 0 = 0:1 and N = 200
for the initial qubit state j	 0i + j	 1i . _� is chosen to obey the conditions
(4.19) by a factor of �v e and is taken constant within the two regimes� <
0:85, � � 0:85. Computation is done by numerical diagonalization of the
Hamiltonian. (a) � and the corresponding energysplitting ", (b) the relative
phase� (t) = �

R
"(�( t))dt and (c) the exact occupation probabilities p0 and

p1 of the statesj	 0i � and j	 1i � , respectively, aswell asthe �delit y F (t) (4.13)
of the exact evolution due to (4.15), as a function of time.
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realization of such an equal �lling of two traps will be discussedin chapter 5.
Each systemrepresents a qubit.

Controlled interactions between two qubits can be achieved by enabling
tunneling betweenthe systems.This can be realizede.g.by lowering the trap-
ping potential of an optical lattice [16] or by bringing two microtraps con�ning
the atomscloseto each other [28]. The two-mode Hamiltonian describingthis
has the form

HT = H01 + H02 + T (4.20)

Here, H0i is the Hamiltonian (3.13) describing the dynamics of each single
trap, i = 1; 2, and T is the tunneling term

T = � J (ay
1a2 + ay

2a1 + by
1b2 + by

2b1); (4.21)

which accounts for the tunneling of atomsfrom onetrap to the other, conserv-
ing their internal state. The subscripts1; 2 identify the trap.

Becauseof the tunneling betweenthe two systemsthe number of particles
in each trap is no longer conserved, thus the qubits are in generalnot well
de�ned. However, the ratio of tunneling to collisional interactions J=U0, can
be chosenso small that the dynamicsof the systemare dominated by second
order tunneling processes,which do not changethe number of particles of the
subsystems.

We show now that for J su�cien tly small, thesesecondorder processescre-
ate entanglement betweenthe qubits in the di�eren t traps, i.e. that a universal
two-qubit gate can be implemented.

Energy spectrum

In order to analyzethe tunneling processand to �nd an appropriate projection
of the two-mode Hamiltonian HT , let us �rst discussthe energyspectrum of
the unperturbed system(J = 0) of two traps, with total number of particles
K = 2N , as shown in �gure 4.5.

Sinceno tunneling is allowed, the spectrum is composedof the unperturbed
spectra of the two traps for the di�eren t possiblenumber distributions N1 +
N2 = K . As we have seenin section3.3.2, the lowest-energysubspace� 0 of
a single systemis, for � � � t , well separatedfrom the rest of the spectrum.
Therefore, the low-energypart of the spectrum of two traps is composedof
these one-trap subspaces� 0

N i
= fj 	 0i ; j	 1igN i , where N i is the number of

particles in trap i = 1; 2. For � = 0 it is easyto verify that the subspaceof
equal �lling, � = � 0

N 
 � 0
N , is lowest in energy. The �rst excited subspace

� 1 is characterizedby unequal trap �lling N + 1 and N � 1. It is separated
from � by the interaction energyU0. Sincethe problem is symmetric in the
traps 1 and 2, � 1 consistsof 8 states,� 1 = fj 	 0i ; j	 1igN � 1 
 fj 	 0i ; j	 1igN � 1.
The secondexcited subspacein turn is raisedby 3U0 with respect to � 1. It is
de�ned by the one-qubit statesof N � 2 atoms, etc.
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Figure 4.5: Low-energypart of the spectrum of the two-trap system(a) as a
function of � with respect to the ground state, (b) schematically for � = 0.



4.2. QUANTUM OPERATIONS 35

First order tunneling processeslead to transitions from the two-qubit sub-
space� to excited states, � � ! � 1. Clearly, such a changein the number
of particles per trap is not desirable. However, choosing the ratio J=U0 su�-
ciently small, transitions to excited levelsbecomenegligibleand the dynamics
of the systemtakesplacewithin the qubit subspace�, driven by secondorder
processesvia � 1.

Pro jection

We can introduce an e�ectiv e Hamiltonian to account for the dynamics in a
truncated Hilbert space,by projecting the systemonto the subspaces� and
� 1 (see �gure 4.5).5 Secondorder processesvia � 1 are then automatically
included. In order to derive a simple analytical expressionfor the e�ectiv e
Hamiltonian, weagainapproximate the statesj	

0
1 i by the correspondingmean

�eld solutions j	 � i (3.26), and use� � �( N ) = �( N � 1); � N � � N � 1 and
� = 0.

The e�ectiv e Hamiltonian resulting from the full two-mode Hamiltonian
(4.20) can be written in the form:

H T = PHT P =

0

B
@

W V 0
V 0 V
0 V W

1

C
A ; (4.22)

whereP is the operator projecting onto � � � 1. The 3 � 3 block structure of
H T resultsfrom the di�eren t couplingsof the three subspaces� 1

N +1 ;N � 1; � N ;N

(the qubit subspace)and � 1
N � 1;N +1 (see�gure 4.5). Each of thesesubspaces

is spannedby the four states j	 + 	 + i ; j	 + 	 � i ; j	 � 	 + i and j	 � 	 � i , which
depend on the number distribution of the corresponding subspace.Hence,H T

is a 12� 12 matrix.
The matrices on the diagonal determine the energy of the unperturbed

subspaces.Setting the energyof the statesin � to zero(recall that we neglect
the energysplitting � within the subspaces),W is given by

W = �11; (4.23)

where � = E � 1 � E � is the energydi�erence separating� 1 from � (� = U0

for � = 0). SinceT doesnot couple the states within the subspaces,W is a
4 � 4 diagonalmatrix.

5The dimension of the Hilb ert spaceof the double system grows very quickly with in-
creasingnumber of particles, dim=

P 2N
m =0 (m + 1)(2N � m + 1). Thus, not only for a nice

description of the processes,but also to allow the simulation of the time evolution for ar-
bitrary number of particles, an appropriate projection of the Hamiltonian H T (4.20) has to
be found.
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The matrix V represents the tunneling of one particle, i.e. the coupling
between� and � 1,

V = �
J
2

q
N (N + 1)

0

B
B
B
@

1 + � 0 0 1 � �
0 1 + � 1 � � 0
0 1 � � 1 + � 0

1 � � 0 0 1 + �

1

C
C
C
A

: (4.24)

T doesnot couple� 1
N +1 ;N � 1 and � 1

N � 1;N +1 .

In order to judge the validit y of this projection, �gure 4.6 shows both the
time evolution dueto the full two-modeHamiltonian HT (4.20),and that under
the e�ectiv e Hamiltonian H T (4.22) for N = 6 atoms each qubit. Even for
this small number of particles, the results are in good agreement. Therefore,
the projection leadsto a satisfying description of the system.
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Figure 4.6: Time evolution of the two-qubit systemfor N = 6; � = 0:1 and
J=U0 = 0:032starting from the ground state j	 0	 0i . Occupationprobabilities
p00 and p11 of the states j	 0	 0i and j	 1	 1i , respectively, as a function of
time. Superscript indicates exact diagonalisationof the full two-mode model
Hamilttonian HT (4.20), without superscript indicates the time evolution due
to the e�ectiv e Hamiltonian H T (4.22).

Time evolution

We use the e�ectiv e Hamiltonian H T (4.22) for further investigation of the
time evolution of the two-qubit system. Figure 4.7 shows the time evolution
accordingto UT = e� iH T t for N = 200, starting from the ground state of the
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Figure 4.7: Time evolution of the systemfor N = 200; � = 0:1 and A = 0:1
(J=U0 = 8:8 � 10� 4) of the initial state j	 0	 0i . pij , i; j = 0; 1 denotesthe
occupation probability of the state j	 i 	 j i of the qubit subspace�. (a) Time
evolution under UT = e� i H T t , (b) probability Pout (t) (4.25) and (c) dynamics
due to the slow secondorder processesdescribed by U(t) (4.27) as a function
of time.

total system j	 0	 0i . The evolution of the qubit states is governed by two
di�eren t timescales:

� The fast oscillation superimposedon the slow dynamicsare due to �rst
order tunneling processes.Sincewe are in a regime of weak tunneling,
theseprocessescanbeunderstood asfar o�-resonant Rabi-likeoscillation
betweenthe two subspaces,� $ � 1. The total occupation probability
Pout of the excitedsubspace� 1 is shown in �gure 4.7. It canbeextracted
from UT to be

Pout � A sin2 !
2

t; (4.25)

wherethe amplitude A and the oscillation frequency! are given by

A = 4
J 2N (N + 1)

� 2 + 8J 2N (N + 1)
and ! =

q
� 2 + 8J 2N (N + 1): (4.26)
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� The dominant contribution to the time evolution of the qubit states is
dueto slow secondorder transitions via the excitedsubspace� 1. Straight
forward algebra shows that for � = 0, the time evolution operator de-
scribing this dynamicsis given by

U(t) =

0

B
B
B
@

cos

2 t 0 0 i sin 


2 t
0 cos


2 t i sin 

2 t 0

0 i sin 

2 t cos


2 t 0
i sin 


2 t 0 0 cos

2 t

1

C
C
C
A

; (4.27)

with the frequency
 = ! � �
2 . Numerical calculation shows that for 0 �

� � � t , the time evolution is well described by an operator of the same
structure as (4.27) with a frequency


 =
! � �

2

�
1 � � 2

�
: (4.28)

The resulting time evolution of the two qubits is plotted in �gure 4.7. It
is in good agreement with the slow dynamicsdepicted in �gure 4.7.

Quan tum gate

The two-qubit operations induced by tunneling can now be identi�ed using
the approximated time evolution operator,

�( � ) = U(t � ) =

0

B
B
B
B
@

cos�
2 0 0 i sin �

2
0 cos�

2 i sin �
2 0

0 i sin �
2 cos�

2 0
i sin �

2 0 0 cos�
2

1

C
C
C
C
A

; (4.29)

where � is de�ned as � = 
 t � . For particular times t � , maximally entangled
statescan be produced.

To illustrate this, we investigatethe time evolution of the groundstate j00i ,
which leadsto the maximally entangled state j00i + i j11i . The corresponding
� is given by � = �

2 , so that the gate is

� � U(t �
2
) =

1
p

2

0

B
B
B
@

1 0 0 i
0 1 i 0
0 i 1 0
i 0 0 1

1

C
C
C
A

: (4.30)

Figure (4.8) shows this gate at work. In order to judge the �delit y of the
�nal state, we considerthe time evolution under both UT = e� iH T t and U(t)
(4.27). The latter doesnot account for �rst order processes.One can observe
that the �delit y is reducedby theseprocessesand may thus be approximated
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Figure 4.8: Time evolution of the initial state j	 0	 0i due to UT = e� iH T t for
N = 200, � = 0:1 and J=U0 = 8:6 � 10� 4. The occupation probabilities pij ,
i; j = 0; 1 of the state j	 i 	 j i of the qubit subspace� and the �delit y F as a
function of time.

by F (t) � 1 � Pout (t) (see (4.26)). In order to suppressthis undesirable
e�ect, the probability amplitude A (4.26) can be adjusted to a small value by
appropriately tuning J ,

J 2 =
U2

0

4N (N + 1)
A

1 � 2A
: (4.31)

Additionally , the parameterscan be chosensuch that Pout (t) is minimal at the
�nal time t � of the gate, i.e. sin2( !

2 t � ) = 0. Nevertheless,in order to make
A small, J cannot be increasedtoo much. otherwisehigher excited statesare
populated. The parametersusedin �gure 4.8 obey theseconditions.

A high �delit y implies a small occupation probability of levels outside �,
i.e. weak tunneling. This leads to a slowdown of the dynamics of the two
qubits. The rotation frequency
 expressedin terms of A is given by


 =
�
2

 
1

p
1 � 2A

� 1

!

(1 � � 2): (4.32)

As can be seen,there is no direct dependenceon the number of particles, so
that the dominant timescaleof the evolution of the two qubits only depends
on A and on the energydi�erence � between � and � 1. Di�culties arising
from this will be discussedin chapter 5.
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4.2.4 Read-out pro cess

Finally, the result of a computation must be read out. This can be done by
measuringin the rotated basisof the condensatestates(3.18,3.19):

f j +
N i ; j �

N i g (4.33)

Transferringthe systemfor the read-out processto � = 0, this basissimpli�es
to

f j " i 
 N ; j # i 
 N g; (4.34)

whereall atoms are either in the internal state jAi or jB i .

4.3 Quan tum gates at work

In the previoussectionswe presented a schemefor quantum computation with
a two-speciesBose-Einsteincondensate.Wedemonstratedthat the two lowest-
energystatesof this systemcanencodea qubit, and showedhow to implement
a universalsetof quantum gates. In conclusion,weshow how to construct some
of the standardquantum gates,namelythe Hadamardgateand the controlled-
NOT gate. In addition, we investigate the quantum gatesrequired to create
the singlet Bell state.

4.3.1 Common quan tum gates

Single-qubit gates

In the previoussectionwe showed how to perform single-qubit rotations about
the x- and the z-axis:

Rx (� ) =

 
cos�

2 � i sin �
2

� i sin �
2 cos�

2

!

and Rz(� ) =

 
1 0
0 ei�

!

(4.35)

From theseoperations, the Hadamard gate can be constructedas

H =

 
1 1
1 � 1

!

= Rx

� �
2

�

Rz

� �
2

�

Rx

� �
2

�

; (4.36)

up to a global phase.

Tw o-qubit gate

The most commonuniversal two-qubit gate is the controlled-NOT gate,

CNOT =

0

B
B
B
@

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

1

C
C
C
A

: (4.37)
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One can prove that the two-qubit gate (4.30)

� =
1

p
2

0

B
B
B
@

1 0 0 i
0 1 i 0
0 i 1 0
i 0 0 1

1

C
C
C
A

; (4.38)

is equivalent to CNOT, up to local unitaries [29]. One possibleconstruction
of the CNOT gate out of the quantum operations we possesis given by

CNOT =
�

Rx (�
�
2

)Rz(�
�
2

)
�


 11 � � �
�

Rx (�
�
2

)Rz(�
�
2

)Rx (�
�
2

)
�


 Rx (�
�
2

):

(4.39)

4.3.2 Creation of the singlet Bell state

In order to put the quantum gates to work, we present a simple quantum
circuit in terms of the quantum gatesavailable in our scheme. Starting from
j00i , we show how to createthe singlet Bell state j01i � j10i . The sequenceof
quantum gatesis given by

j01i � j10i = Rz(�
�
2

) 
 11 � � � 11 
 Rx (� ) j00i : (4.40)

The implementation of the circuit is shown in �gure 4.9.
For the sake of completenesswe show the sequencesfor creating the triplet

Bell states:

j00i + j11i = Rz( �
2 ) 
 11 � � j00i

j01i + j10i = Rz( �
2 ) 
 11 � � � 11 
 Rx (� ) j00i

j00i � j11i = Rz(� �
2 ) 
 11 � � j00i

(4.41)
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Figure 4.9: Time evolution under the quantum circuit (4.40) creating the
singlet Bell state. pij , i; j = 0; 1 denotesthe occupation probability of the
state j	 i 	 j i of the qubit subspace�. F is the �delit y of the time evolution.
Note the di�eren t timescalesof the quantum gates.
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Chapter 5

Realizabilit y and decoherence

In the preceding chapter, a scheme for quantum computation with a two-
speciesBose-Einsteincondensatewas presented, where the qubit is encoded
by the two lowest-energystatesof the system. Furthermore, it wasshown how
to realizea universalset of quantum gates.

In this chapter, we discussthe feasibility of the presented scheme. Firstly,
the experimental requirements for that qubits can be realizedand initialized
are discussed. Secondly, the e�ect of decoherenceon the presented scheme
is investigated. For this purpose,the timescaleof the quantum operations is
analyzedand comparedwith the decoherencetime of the system.

In order to give somenumbers, we considerthe casesof N = 4, N = 10
and N = 105 atoms, respectively. We choosethe two hyper�ne states jF =
1; mF = � 1i and j2; 2i of the electronic ground state of 87Rb to represent the
two internal statesof the atoms: Rb is the atomic speciesfor which BEC was
realizedfor the �rst time [30], it haswell known scattering properties and the
two statescan be condensedsimultaneously [31].

5.1 Realization of the qubits

In this sectionwediscussthe requirements for satisfyingthe conditionsimposed
on the physical systemin chapter 3, wherethe two-speciesBose-Einsteincon-
densatewas presented. We show how to chooseand prepare the system in
order to realizeand initialize the quantum bits.

5.1.1 Basic exp erimen tal requiremen ts

We considerBose-Einsteincondensationof a trapped gasof N atoms that are
con�ned by a three dimensionalquasi-harmonicand isotropic potential. Such
a potential can be experimentally realized by a magnetic or optical trap in
Io�e-Pritc hard geometry [32],[33]. The trapping frequencyis denoted! . For
calculating explicit examplesof di�eren t numbersof particles, we considerthe



44 CHAPTER 5. REALIZABILITY AND DECOHERENCE

N 4 10 105

! 5 kHz 2 kHz 100Hz
U0 142.6Hz 36.1Hz 0.40Hz
� 7.13Hz 5.42Hz 667Hz
Tmax 20 nK 16 nK 1.9 � K

Table 5.1: Examplesfor N = 4, N = 10 and N = 105 for the hyper�ne states
j1; � 1i and j2; 2i of 87Rb for the trapping frequency ! : scattering strength
U0 (5.2), � for � = 0:1 and the temperature Tmax required for cooling to
the ground state at � = 3. The used parametersare a0 = a1 = 5:45 nm,
M = 1:44� 10� 25kg and a1

a0
= 4

3 :

appropriate sizeof the trap by ! N =4 = 5 kHz, ! N =10 = 2 kHz and ! N=105 = 100
Hz.

In ternal state structure of the atoms

The atomic specieshas to be chosensuch that the atoms possesstwo internal
degreesof freedom,denotedby jAi and jB i . It is essential that jAi and jB i
can be coupledto each other by a coherent transition.

jAi and jB i could be two hyper�ne levels of the atoms connectedby a
Ramantransition [34]. Such a two-photon transition hasto obey the selection
rule j� mF j � 2, where mF is the z-component of the total spin, represented
by the quantum number F . For the 87Rb isotope, as can be seenfrom the
level schemeof the D2 line of �gure 5.1, this could be the two hyper�ne states
jF = 1; mF = 1i and j2; 2i . The hyper�ne states j1; � 1i and j2; 2i of 87Rbwe
usefor our numeric examples,do not satisfy the selectionrules. However, they
can, in principle, be coupled by a multi photon transition, also indicated in
�gure 5.1.

Requiremen ts on the scattering prop erties

The interaction betweenthe atoms occurs via elastic collisions,characterized
by the s-wave scattering length asc. In the discussionof chapter 3, the scat-
tering length for collisionsof atoms in the sameinternal state, A{A, B{B, are
assumedto be equal, a0 = asc

AA = asc
B B . This condition is e.g. almost ful�lled

for the two hyper�ne states j1; � 1i and j2; 2i of 87Rb with asc
0 = 5:45 � 0:26

nm [35]. The scattering length for interspeciescollisionsA{B is denoteda1.
The collisional interaction strengths U0 and U1 are directly related to the

scattering lengths. The �rst one characterizesA{A as well as B{B processes,
whereasU1 describesA{B collisions. For calculating the interaction strengths,
we assumethe spatial mode function � 0(~x) (3.7) to be a normalizedgaussian
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Figure 5.1: Level schemeof the D2 line of the rubidium isotope 87Rb with the
nuclear spin quantum number I = 3=2. mF denotesthe z-component of the
total spin, represented by the quantum number F = I � 1=2. (a) Raman tran-
sition coupling the hyper�ne statesjF = 1; mF = 1i and j2; 2i . (b) Multiphoton
transition coupling the hyper�ne states j1; � 1i and j2; 2i .

function,

� 0(~x) =
q

x � 3
0 � � 3

2 e
� ~x 2

2 x 2
0 ; (5.1)

with the characteristic length x0 = ( �h
M ! )1=2 of the harmonic trap. Therefore,

the collisional interaction strength Ui (3.11), i = 1; 2, becomes

Ui =
4� �hasc

i

M

Z
d3~x j� 0(~x)j4 =

s
2
�

!
asc

i

x0
=

s
2M
� �h

asc
i ! 3=2: (5.2)

For the exampleof 87Rb, the interaction strength for elasticcollisionsbetween
particles in the hyper�ne states j1; � 1i or j2; 2i yields UN =4

0 = 142:6 Hz,
UN =10

0 = 36:1 Hz and UN =10 5

0 = 0:40 Hz.

5.1.2 Requiremen ts for encoding a qubit

The analysisof the condensatein section 3.2 showed that for the conditions
U1 > U0 and � � � t , the two lowest-energystates of the system are quasi-
degenerateSchr•odinger-catstatesthat are well separatedfrom the rest of the
spectrum. Therefore, these are the two states used to encode a qubit. We
discussnow how to satisfy the necessaryconditions.
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Feshbach resonance

To satisfy the condition U1 > U0 or U1
U0

> 1, equation (5.2) is usedto show the
dependenceon the scattering length,

U1

U0
=

a1

a0
> 1: (5.3)

For most atomic species,the desiredvalue of a1
a0

> 1 is not satis�ed by the
intrinsic parametersof the atoms. A mechanism to inuence and control the
scattering properties of an atomic ensemble is the Feshbach resonance[36].

A Feshbach resonanceoccurs an elastic binary collision when the energy
of a bound state in a closedchannel is closeto the energy of the incoming
atoms(openchannel) (see�gure 5.2). If there existssomecouplingmechanism
betweenopenand closedchannel,the atomscantemporarily occupy the bound
state, thereby changing the elastic scattering properties of the system. In
general, the energiesof the involved states depend on external parameters,
like a magnetic or an optical �eld. Hence, by varying this parameter, the
system can be tuned into resonanceand therefore the scattering length can
be varied over a wide rangeof negative and positive values,as it was realized
using magnetic [37],[38] and optical [39] �elds.

Therefore,in principle, weareableto tune the scattering length a1, charac-
terizing collisionsbetweenatoms in di�eren t internal levels,such that a1=a0 >
1.1 Nevertheless,in the vicinit y of a Feshbach resonance,inelastic processes
drastically increaseand limit the rangeof a1

a0
. We will discussthe related prob-

lems in section 5.4. It is not known yet if there exists an easily accessible
Feshbach resonancefor the channel (j1; � 1i + j2; 2i ) of 87Rb, the examplewe
usefor calculations.

Weak laser coupling

In order to encode a qubit, we also need the condition � � � t , where pa-
rameter � is de�ned as � = 2�

(N � 1)(U1 � U0 ) (3.17). It is determinedby the rela-
tiv e strengths of the laser coupling and the collisional interaction. � t (where
� t � 1) denotesthe transition point to the Schr•odinger-catphase.In the range
of � � � t , the two lowest states in energyof the systemcan encode a qubit.
As we saw, the interaction strengths U1 and U0 are in principle tunable, but
usually kept constant during an experiment. The valueof � canbe chosenand
varied easily by adjusting the laser strength � of the Raman process.Values
for the examplesof LL = 0:1 are given in table 5.2. Note that in this regime,
� � � t , the two Schr•odinger-cat states are well described by the mean �eld

1Since a Feshbach resonanceis a one-channel processwill not change more than one
scattering length at the sametime. Therefore we choosethe scattering processesof atoms
in di�eren t internal states to be altered.
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Figure 5.2: Feshbach resonance:(a) Schematic plot of the potential energy
curvesfor two di�eren t channelsillustrating the formation of a Feshbach reso-
nancein an elasticcollisionalprocess.E th is the energyof the entrancechannel,
and Ebound is the energyof the bound state in the closedchannel giving rise
to the Feshbach resonance.(b) Schematic plot of the dependencyof the scat-
tering length asc on an external parameter(here a magnetic �eld B), near the
Feshbach resonanceat B r es:.
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solutions j	 � i (3.26). A physical system satisfying these conditions can be
usedto encode a qubit.

5.1.3 Multi-qubit systems

Obviously, for quantum computation processing,it is not enoughto possess
one qubit. Therefore, several identical copies of the qubit-system have to
be prepared. In doing so a di�cult task is to obtain the samenumber of
particles in each trap. One possibility to achieve commensurate�lling is to
prepareall the atoms in onetrap �rst, and then deform the trapping potential
adiabatically into a multi-well potential [40] (see�gure 5.3). Sincethe energyof
the wholesystemis minimized for equal�lling and the processis adiabatic, we
canassumethat the condensatesin each well havethe samenumber of particles
N . For small N , onecan alsothink of loading a Bose-Einsteincondensateinto
an optical lattice with commensurate�lling [16],[41].

E

x

l

Figure 5.3: Preparation of several identical qubits. Adiabatic deformation of
an initial single-well trap with 2 � N atoms into a double-well trap with N
atoms in each well.

5.1.4 Initializing the qubits by cooling

The singlequbits are encoded by the two lowest-energystatesof a two-species
Bose-Einsteincondensate. Therefore, the system has to be cooled down to
condensation. In order to initialize the qubit in the state j0i , the systemhas
to be prepared in the ground state j	 0i for � � � t , which is an even more
restrictive requirement. In this regime,the two lowest-energystatesare quasi-
degenerate.Thus, direct cooling of the system to the absolute ground state
would be a di�cult task. The idea is therefore to �rst cool the system to a
temperature T closeto zerofor � > � t , such that the thermal energyis lower
than the energygap betweenthe ground and the �rst excited state. Note that
this is only possiblein this regimeof �, sinceonly there the �rst-excited state
energyis high enoughso that practically all of the atoms can be cooled down
to the ground state. Then, we decrease� adiabatically to the desiredvalue.
According to the adiabatic theorem (seesection 4.2.2), the system remains
in the ground state, which now becomesthe Schr•odinger-cat state, the qubit
state j 0 i .
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We give the temperature neededto cool the systemto the ground state of
the regime� > � t and present a method how to cool a two-component system
down to condensation.

Required temp erature

In order to cool all atoms down to the ground state of the regime � > � t ,
the thermal energyhas to be smaller than the energyseparation" to the �rst
excited level,

kB T < "(�) ; (5.4)

with the Bolzmannconstant kB = 1:38� 10� 23 J
K . As discussedin section3.3.2,

for � � 1 (� > 3) the system behaves like a ferromagnet. The energygap
in this regime can be approximated by � (� ) = 2� = (N � 1)(U1 � U0)�, thus
condition (5.4) becomes

T < (N � 1)(U1 � U0) �
1

kB
: (5.5)

The preparation of the ground state is favoured for a high number of particles
andstrongcollisionalinteractions. For (� = 3), condition becomesfor N = 105

T < 1 � K whereasfor a small number of particles (N = 4; 10) the cooling is an
experimentally more challenging task, sinceT < 20 nK, 16 nK, respectively.
Note that U0 dependson N , thus T(N = 4) > T(N = 10) is due to the chosen
values! N =4 = 5 kHz and ! N =10 = 2 kHz.

Sympathetic cooling

Bose-Einsteincondensationwas �rst reported in a cloud of atoms in a single
spin state of rubidium [30] and later in single spin states of sodium [42] and
lithium [43]. To reach the necessaryultralow temperaturesbelow the transi-
tion temperature of Bose-Einsteincondensation,theseexperiments usedlaser
cooling and trapping, followed by magnetic trapping and evaporative cooling.

The creation of two di�eren t condensatesof neutral atoms in the same
trap was �rst demonstrated by Myatt et al: [31], with the hyper�ne states
j1; � 1i and j2; 2i of 87Rb. They used the technique of sympathetic cooling,
known from cooling of trapped ions [44], but at higher temperatures. They
cooled the cloud of atoms in the j1; � 1i state by lossy evaporative cooling.
The atoms in state j2; 2i wereonly cooled by thermal contact with the j1; � 1i
atoms. For this method to be e�ectiv e requires the elastic collision rate for
momentum transfer betweenthe two components to be large,and the inelastic
collision rate K 2 that converts either component to an untrapped speciesto
be small. They measuredK 2 betweenthe two components to be surprisingly
small, K 2 = 2:2 � 0:9 � 10� 14 cm3=s. This stabilit y of the double condensate
was explained [35],[45] with the almost equal scattering lengths of the two
hyper�ne states,asc

AA = asc
B B .
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N 4 10 105

tx (ms) 1:8 1:5 1:2 � 10� 4

tad (ms) 12 33 12
t2 (ms) 2:9 11:4 1018

Table 5.2: Timescalestx , tad, t2 of the x-gate, phase-gateand two-qubit gate,
respectively, for the exampleof 87Rb with � = 0:1; a1

a0
= 4

3 , � x = �
2 ; � 2 = �

4
and � = 1:23. tad resultsfrom numerical integration of the adiabatic conditions
(4.18).

N 5 10 105

� 213Hz 102Hz 126Hz
� max 71.3Hz 54.2Hz 6.7 kHz
J 5.64Hz 0.61Hz 7 � 10� 7 Hz

Table 5.3: Experimental parametersfor realizing the quantum gates: � refers
to the strength of the state dependent potential, � max to the maximal laser
strength in the adiabatic processand J to the tunneling strength. Parameters
for calculation seetable 5.1.

5.2 Realization and timescales of the quan tum
gates

In this section the quantum gates presented in chapter 4.2 are investigated
in more detail. It is assumedthat we have a physical system satisfying all
conditions as discussedabove, so that the quantum bits are initialized in the
state j00::0i , ready for quantum computation processing.

In order to successfullyapply the quantum-gate operations, the dynamics
of the system,i.e. the dynamicsdueto the gates,have to work on a much faster
timescalethan the decoherenceof the physical system. This is expressedby
the condition

tG � � ; (5.6)

where tG is the typical timescaleof a quantum gate and � the decoherence
time of the physical system(e.g. for a gate generatinga rotation of frequency

 by an angle � , the required time is given by t = �


 ). Therefore,we discuss
how to realize the quantum gatesand analyzetheir timescales.Decoherence
will be treated in the next sections. The examplesof very small numbers of
particles, N = 4; N = 10, and a big condensate,N = 105, are calculatedwith
the parameters� = 0:1 and U1

U0
= a1

a0
= 4

3. The resultsare summarizedin table
5.2.
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5.2.1 x-gate

The �rst single qubit operation we presented (seesection4.2.1) is a rotation
about the x-axis of the Bloch sphere,Rx (� ) (4.9). For this purposea potential
dependingon the internal state jAi , jB i of the atomswasaddedto the Hamil-
tonian. Experimentally, this can be realizedby applying an external magnetic
or electric �eld, so that due to the Zeemannor Stark e�ect, respectively, the
degeneratehyper�ne levels split up (see�gure 4.2).

To ensurethat the perturbation doesnot couplethe qubit statesto higher
excited levels, the probability PF ermi (4.12) for occupying the higher excited
stateshasto be much smaller than one. This leadsto the condition (4.12) for
the perturbation strength � ,

�
U0

=
1
�

"
1 � � 2

� 2

(N � 1)2

N

# 1
2

; (5.7)

where the factor � � 10 ensuresPF ermi � 1. Possiblevaluesfor � (� = 10)
are summarizedin table 5.2.

The timescaleof the x-gate results from the rotation frequency
 x (4.7) by
eliminating � with equation (5.7):

tx =
�


 x
�

�
2

�
1� � 2

�
U1 � U0

1

(N � 1)
p

N
: (5.8)

tx decreasesvery quickly with N . But even for a particle number of N = 4 it
is the fastestof the three gates(seetable 5.2).

5.2.2 Phase-gate

The secondone-qubit operation we presented (see4.2.2) is an adiabatic phase-
gate, performing an z-rotation, Rz(� ) (4.16). The gate requiresthe adiabatic
transfer of the systemfrom 0 � � 0 � � t to � � � t , forth and back.

For this purposethe laser strength � has to be tunable from zero to � =
2�

(N � 1)(U1 � U0 ) � 1 (seetable 5.2). Note that in the range � � � t , the laser
intensity has to be controlled with a very high precision.

Obviously, the timescaleof the phase-gateis not determinedby the rotation
angle � of the gate, but by the adiabaticity of the process.Hence,we expect
a slow gate. The required time tad for applying the phase-gateis obtained
by numerical integration of the adiabatic condition for _� (4.19). tad slightly
decreaseswith N and is indirectly proportional to U1 � U0. For instance,N = 4
leadsto tad = 12 ms, N = 10 to tad = 33 ms and for N = 105, the timescaleis
reducedto tad � 12 ms. Thus, for small numbers of particles the phase-gate
is the slowest of the three gates(seetable 5.2).
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5.2.3 Tw o-qubit gate

In section4.2.3,we presented a universal two-qubit gate, realizedby allowing
tunneling betweentwo adjacent traps. This can be implemented e.g. by low-
ering the potential of an optical lattice [16], or by bringing the traps con�ning
the atoms closeto each other, e.g.as it can be realizedwith microtraps [28].

The interaction between the particles in the two traps is mediated via
secondorder tunneling processes.In order to keepthe probability amplitude
A for �rst order processessmall, we consider weak tunneling. A and the
tunneling parameterJ are correlatedas (4.31)

J 2

U2
0

=
1

4N (N + 1)
A

1 � 2A
; (5.9)

where we used that for � � � t , the energy di�erence between the qubit
subspace� and the next excited levels, �, can be approximated by � � U0.
Number examplesfor A = 0:1 are given in table 5.2.

Using (5.9), the frequencyof the two-qubit gate can be expressedin terms
of A, 
 = �

4 (1� � 2)U0 (4.32), where� = 1p
1� 2A

� 1. Therefore,the timescale
of the two-qubit gate is given by

t2 =
4 �

� (1 � � 2)U0
: (5.10)

Note that by the replacement of J accordingto (5.9), t2 dependsonly via the
interaction strength U0 on the number of particles. Therefore,decreasingthe
number of particles slightly shortenst2. Another possibility to speedup the
gate is to increaseA, the amplitude of the probability Pout (4.25) for that the
excited subspace� 2 gets occupied. A maximal value of A = 0:4 corresponds
to � = 1:23.2 The resulting conditions for the exampleof low and high number
of particles are listed in table 5.2.

Comparing the timescalesof the three quantum gates(table 5.2) one�nds
that the slowest dynamics is due to the adiabatic phase-gate.Also the possi-
bilities of creating a fast two-qubit gate are limited.

5.3 E�ects of decoherence

Quantum systemscan never be perfectly isolated from the environment. The
resulting uncontrolled interaction with the environment leadsto a lossof co-
herence,a processknown as decoherence.Somesourcesof decoherenceare

2Note that the exact value of A has to be chosensuch that Pout is minimal for t � (see
section 4.2.3). Nevertheless,by choosing such a high A the probabilit y for transitions to
higher subspacesbecomessigni�cant. Obviously theseis a trade-o� betweenexcitation and
speedup of the gate.
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thermal uctuations, trap lossesdueto inelasticcollisions,scatteringprocesses
with background thermal atoms or spontaneouslight scattering.

In this section,the e�ect of number uctuations onto the presented scheme
of quantum computation is investigated. A reductionof the number of particles
leadsto the problem that the calculatedparametersfor applying the quantum
gates do not match to the real number of particles in the experiment. The
resulting problemsonto the time evolution under the three quantum gatesare
discussedand it is show that already the lossof one particle may reducethe
�delit y of the time evolution in a unacceptableway.

5.3.1 Qubit

The e�ect of particle uctuations onto the parameter � (3.17), de�ning the
structure of the qubit states,is found to be @�

@N = � �
N � 1 . For small uctuations,

this can be linearized to
��
�

= �
� N

N � 1
: (5.11)

The lossof a small fraction of particles leadsto a small relative changeof �.
Thus, � and therefore the structure of the qubit states, is quite stable under
particle uctuation. That meansthat the exact knowledgeof the number of
particles is not necessaryfor de�ning the qubit.

In the following, we investigatethe e�ect of number uctuations onto the
time evolution of the qubit statesunder the di�eren t quantum gateoperations.
Note that the laser strength � is an experimental parameter that does not
depend on N .

5.3.2 x-gate

The dynamics induced by the x-gate is almost stable under small variations
of the number of particles: the rotation frequency
 x (4.7) and the rotation
angle � x = 
 x t changeas

�
 x


 x
=

� � x

� x
=

� N
N

+
� 2

1 � � 2

� N
N � 1

; (5.12)

where the last term, resulting from the variation of �, can be neglectedfor
� � � t . Starting from j 0 i , the �delit y of the gate is reduced from 1 to
Fx (t � ) = cos2( � �

2 ). Thus, even for a loss of 10% of the initial number of
particles, the �delit y for � = � is still Fx (t � ) = 0:97 (see�gure 5.4).

5.3.3 Phase-gate

The evolution of the qubit under the phase-gateis extremelysensitive to num-
ber uctuations. The reason for this lies in the dependenceof the energy
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Figure 5.4: Time evolution of the initial qubit state j0i under the x-rotation
Rx (� ) for a uctuation of � N

N = 0:1. The parametersare N = 200, � = 0:1
and �=U 0 = 100The occupationprobabilities p0 and p1 of the two qubit states
j0i and j1i , respectively as well as the �delit y F (t) (4.13) are plotted as a
function of time. Superscript indicates the uctuation, no superscript refers
to the ideal case.
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splitting " = E1 � E0, (b) accumulated relative phaseand (c) �delit y as a
function of time.
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spectrum on the number of particles (see�gure 5.5). Numerical calculation
shows that the lossof even a small fraction of particles leadsto an intolera-
ble decreaseof the �delit y. Figure 5.5 shows that for a number of particles
N = 100,already the lossof oneparticle can lead to a decreaseof the �delit y
to F < 0:5. Therefore, for small number of particles, N < 100, not even a
singleparticle may be lost.

Theseresultsimply that the initial number of atomsmust beknown exactly.
Slightly modifying the phase-gate,this experimental problem can be evaded.
By further increasing� in the adiabatic process,� � � t , a value of � (� �
3) can be found such that for each number uctuation � N

N � 1, the phase
error is a multiple of 2� , and hencenot observable. Since the condition for
adiabaticity for � > � t restricts _� only very weakly, this processdoesnot a�ect
the timescaleof the phase-gatesigni�cantly. However, this method only solves
the problem of the uncertainty of the initial number of particles. During the
adiabatic phase-accumulating process(� (�) > 0), no uctuations are allowed
- independent on the number of particles.

5.3.4 Tw o-qubit gate

The rotation frequency
 = ! � �
2 of the two-qubit gate is found to be stable

under small uctuations of N , �


 � � N

N . However, the world is not that
simple: when calculating 
 in section4.2.3,we assumedthat the two systems
betweenwhich tunneling occurshave exactly the samenumber of particles at
all times, N1(t) = N2(t). Discussingthe e�ect of uctuations, this condition
implies that the lossof particles has to occur in both traps at the sametime.
Obviously, for a statistical processthis is not realistic.

Therefore,we investigatethe problem arising from an unequal trap �lling.
Solet usassumethat the two traps containing the qubit systemsarenot equally
�lled, N1 6= N2. Figure 5.6 shows the energy spectrum for this situation.
Comparedto equal�lling, the qubit subspacee� de�ned by two di�eren t qubits

N, N

N+1, N-1

N , N1 2

N +1,N -11 2

N -1,N +11 2

N-1, N+1

E

~~

Figure 5.6: Schematic energyspectrum for the two-trap systemfor � = 0.
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Figure 5.7: Time evolution of the initial qubit state j00i under the two-qubit
gate for equal �lling with N = 200 atoms each qubit and for unequal �lling,
N1 = 200,N2 = 199,denotedby superscript. The occupation probabilities p00

and p11 of the two-qubit statesj00i and j11i are plotted asa function of time.
The parametersare � = 0:1 and J=U0 = 8:8 � 10� 4:

is not only raisedin energy. Also the energydi�erencesof the two subspacesto
which e� is coupledby �rst order tunneling processesdepend on the di�erence
� N = jN1� N2j, aswell ason the direction of tunneling, sothat the symmetric
situation characterizing the two-qubit gate is broken.

Thus, independent on the total number of particles, already a particle
di�erence of � N = 1 between the two traps leads to dynamics completely
di�eren t from the one predicted by the two-qubit gate assumingequal �lling
(see�gure 5.7). This e�ect can only be avoided if there are no lossesbefore
and during the application of the two-qubit gate.

Weconcludethat decoherencedueto uctuations of the number of particles
strongly restricts the number of gatesone can apply without decreasingthe
�delit y unacceptably. The phase-gateand the two-qubit gate are found to
be very sensitive to uctuations, they work only within no losses.Thus, the
required lifetime � � tG is the time during which no particle is lost. Whereas
a small uncertainty in the initial number of particles only causessmall errors.

5.4 Inelastic collisions

A fundamental sourceof decoherenceof a Bose-Einsteincondensateis due to
trap lossesby density-dependent inelastic two-body collisions (mostly spin-
exchange) and three-body processes.Unlike other loss mechanisms such as
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collisionswith the background gasor spontaneouslight scattering, thesetrap
lossesare intrinsic lossmechanismsthat cannot be eliminated by simply engi-
neeringa better trapping environment. For small lossesthe rate equation for
N can be linearized to

� N
� t

= � K 2hni N � K 3hn2i N; (5.13)

where hni = N
Z

j� 0(~x)j4d3~x (5.14)

hn2i = N 2
Z

j� 0(~x)j6d3~x (5.15)

and n(~x) = N � 0(~x)�� 0(~x): (5.16)

K 2 and K 3 are the inelastic rate coe�cien ts for two- and three-body processes,
respectively. The inelasticrate coe�cien ts K 0

2 andK 0
3 for 87Rb (the superscript

indicatesthe absenceof a Feshbach resonance)aresummarizedfor the di�eren t
scattering channelsin table 5.4. Note that K 0

2 of 87Rb is very small compared
to other species[35].

As discussedin the previoussection,in order to ful�ll the condition a1=a0 >
1 (5.3), a Feshbach resonanceis usedto alter the scatteringlength a1 that char-
acterizeselasticcollisionsbetweenatoms in di�eren t internal states. However,
aswasshown e.g.by Roberts et al. [46], inelasticprocessesarehighly enhanced
in the vicinit y of a Feshbach resonance.Therefore, the dominant trap lossof
the presented systemwill be due to inelastic interspeciescollisions. Thus, we
focuson the corresponding scattering channel jAi + jB i .

In the previousanalysisof the e�ect of number uctuations on the quantum
gates,we derived the very severecondition that during quantum computation
processing,the number of particles in the traps may not change, � N = 0.
Therefore, we de�ne the decoherencetime � of the system as the time in
which oneparticle is lost

� � � t(� N = 1): (5.17)

For successfullyapplying a quantum gate, this decoherencetime has to be
much larger than the typical timescaletG of the gate,

� � tG: (5.18)

For analyzing this condition in detail, we discussthe lossmechanismsdue to
inelastic two- and three-body processesseparatelyand comparethe resulting
decoherencetimes (5.17) with the tG for the di�eren t quantum gates,summa-
rized in table 5.2. Analyzing the rate equation (5.13), � is found to scaleat
least with 1

N 2 . In addition, the decay rates are enhancedin the vicinit y of the
Feshbach resonance.Therefore, condition (5.18) is expected to be ful�llable
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Entrance Channel K th
2 (cm3=s) K exp

2 (cm3=s) K th
3 (cm6=s) K exp

3 (cm6=s)
j1; � 1i + j1; � 1i 3:1 � 10� 18 a 2:3 � 10� 28 c 9 � 10� 29 d

j2; 2i + j2; 2i 2 � 10� 16 a 2:3 � 10� 28 c 2:2 � 10� 28 e

j1; � 1i + j2; 2i 2 � 10� 14 a 2:2 � 10� 14 b

Table 5.4: Theoretical and experimental results for the inelastic collision rates
K 0

2 (two-body processes)and K 0
3 (three-body processes)of 87Rb. a[47] b[31]

c[48] d[49] e[50]

only for a low particle number and a weak Feshbach resonance,a1=a0 � 1.
The decoherencetimes for N = 4; 10 and N = 105 are summarizedin table
5.4.1. For the discussion,recall table 5.2 summarizing the timescalesof the
quantum gates.

5.4.1 Tw o-b ody pro cesses

Only consideringinelastic two-body collisions,the rate equation (5.13) writes

� N
� t

= � K 2N 2
Z

j� 0(~x)j4d3~x: (5.19)

As far aswe know, there are no proposalsabout the scalingof the inelastic
collisionalrate K 2 in the vicinit y of a Feshbach resonance.Therefore,we �rstly
evaluate (5.21) without consideringthe e�ect of the Feshbach resonance.Sec-
ondly, we assumefrom experimental data for 85Rb [46] a maximal dependence
of K 2 / a4

sc (like for three-body losses,seebelow).
In order to obtain the order of magnitude of N for which quantum gates

can be applied, we evaluate condition (5.18) for the two-qubit gate (5.10),

� � t2 =
4 �

� (1 � � 2)U0
: (5.20)

Togetherwith (5.19) this leadsto

N 2 �
4� �ha0

M
�
4�

1
K 2

: (5.21)

Note that sinceU0 (5.2) and the two-body rate-equation(5.19) have the same
dependencyon the mode function � 0(~x), the condition doesnot dependon the
density of particles or on the trapping frequency.

Even only consideringthe non-resonant rate K 0
2 = 2:2� 10� 14cm3

s of 87Rb,
the condition (5.21) demandsfor � 2 = �

2 and a1=a0 = 4=3 a very small number
of particles, N � 30. Evaluating the rate equation(5.19), onecanseethat the
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N 4 10 105

� 0
2 (ms) 174 110 10� 10� 5

� 2 (ms) 55 35 3 � 10� 5

� 3 (ms) 50 50 4 � 10� 7

� (ms) 26 21 4 � 10� 7

Table 5.5: Decoherencetimes � = � t(� N = 1) (5.17) for N = 4; 10 and 105

due to inelastic two- (� 2) and three-body (� 3) processesand consideringboth
lossmechanisms(� ). The superscript 0 denotesthat no Feshbach resonanceis
considered.

decoherencetime � 0
2 is longerthan the timescalesof the singlegates.Assuming

now the e�ect of the Feshbach resonanceto be described by the scalingK 2 /
a4

sc, the decoherencetime is reducedby a factor of (a1=a0)4. Together with
tx , tad that are proportional to 1

a1=a0 � 1 (seesection5.2), the condition � � tG

is optimized for a1=a0 = 4=3. Using this value, the decoherencetime for N = 4
computesto � 2 = 55 ms, which is still longer than the timescalesof all three
gates. For a particle number of N = 10, the decoherencetime � = 35 ms is of
the order of the timescaleof the adiabatic phase-gate.

5.4.2 Three-b ody pro cesses

Only consideringparticle lossesdue to inelastic three-body processes,(5.13)
writes

� N
� t

= � K 3N 3
Z

j� 0(~x)j6d3~x: (5.22)

In the vicinit y of a Feshbach resonance,the three-body recombination rate K 3

scalesasthe scattering length to the fourth power, K 3 = K 0
3(a1=a0)4 [48], [46].

Therefore,the decoherencetime is given by

� 3 = x6
0(3

p
� )3 1

K 0
3(a1=a0)4

1
N 3

(5.23)

wherex0 = ( �h
M ! )1=2 is the characteristic length of the harmonic trap. For all

three di�eren t quantum operations tG is proportional to 1
U0

/ x3
0 (seesection

5.2). Thus,unlike for the caseof two-body processesdiscussedabove, the trap-
ping frequency! / x � 2

0 inuences the relation between� 3 and the timescales
of the gates;small frequenciesare favorable.

For the non-resonant rate of 87Rb K 0
3 = 2:2 � 10� 28 cm6

s (table 5.4) and the
ratio a1=a0 = 4=3; the decoherencetimes for N = 4 and N = 10 are both
computed to be � 3 = 50 ms. For N = 10 atoms, this is only little more than
the timescaleof the adiabatic phase-gate.
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Accounting for both inelastic two- and three-body processes,the decoher-
encetime � computes from the rate equation (5.13) to be � = 62:2 ms for
N = 4 particles, and � = 20:5 ms for N = 10 particles per qubit. Therefore,
we concludethat for particle numbers of about N = 4, a small amount of x-
rotations as well as two-qubit gatescan be applied. Choosing the parameters
carefully, it is even possibleto apply the adiabatic phase-gateonce, so that
together with the other operations,a Bell state can be produced. For N = 10
particles per qubit, it is still possibleto createmaximally entangled two-qubit
states.

5.5 Summary

The ideal atomic speciesfor realization of the schemewe presented, possesses
two internal states that can be trapped and condensedsimultaneously. Fur-
thermore they can be coherently coupled to each other and have the same
scattering lengths. The scattering betweenatoms in di�eren t internal statesis
either strongerthan betweenequalatomsor there existsa Feshbach resonance
for this channel. The inelastic rates are extremely small.

The most profound problem of using the system for quantum computa-
tion or at least for creating an arbitrary two-qubit state, is that the quantum
gatesare very sensitive to number uctuations, no particle may be lost. Com-
paring the resulting decoherencetime by only consideringthe dominant loss-
mechanismsdue to inelastic two- and three-body collisionswith the timescales
of the quantum gates, it results that only a very small number of quantum
gatescan be applied. Therefore,without suppressingthe lossof particles, the
systemcannot be usedfor quantum computation. In fact, only very recently
it was proposedhow to reducethe three-body recombination rate by using a
sequenceof laser pulses[51]. However, we obtain that for small numbers of
particles and a weakFeshbach resonance,maximally entangled statesbetween
two qubits can be produced.
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Chapter 6

Conclusion and Outlo ok

The goal of this thesis is to explorean approach for quantum computation, in
which qubits are encoded in atomic many-body statesnot sensitive to defects
in the number of particles.

For this purpose,we focusedon a two-component interacting Bose-Einstein
condensate.We reviewed and analyzedthe results of [18], whereit wasshown
that under certain conditions, the ground state of the condensateis quasi-
degenerateand well separatedfrom the excited levels. The atomic ensemble
then behaves as a two-level system, where the properties of the two states
are not very sensitive to a change in the number of particles. Using these
two many-body states for encoding the qubit, we further demonstratedhow
to realize a universal set of quantum operations. We showed that one-qubit
operations can be performed by exploiting the Zeemane�ects or Stark ef-
fects inducedby a magneticor electric �eld, respectively, and by adiabatically
changing the Raman coupling betweenatomic states. A universal two-qubit
gate can be performed by allowing tunneling betweentwo neighboring qubit
systems.

Finally, we discussedthe feasibility of the presented scheme. We analyzed
the experimental requirements, both for the preparation and the initialization
of the qubit systemsas well as the realization of the quantum gates. In addi-
tion, we investigatedthe limitations of the schemeresulting from decoherence.
Our attention hereby was focusedon the most important sourceof decoher-
ence,the lossof particles due to inelastic two- and three-body processes.As
expected,the propertiesof the many-body qubit statesare found to be robust
under changesin the number of particles. Thus, in order for the qubits arewell
de�ned, it is not necessaryto know the exact number of particles. In addition,
the lossof a small fraction of particles doesnot lead to a lossof information.

However, we found that this situation changeswhen applying the quan-
tum gates. In particular, coherent evolution of the statesof the qubits is only
possibleif (i) the number of particles does not changeduring the adiabatic
processof the phase-gate,and (ii) two qubits interacting via tunneling have
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to be characterizedby the samenumber of particles. Thus, a successfulappli-
cation of thesegatesrequiresthat not even a singleparticle is lost. Therefore,
the challengingproblem to be solved consistsin �nding an optimal systemfor
realization, above all an atomic specieswith extremely small inelastic collision
rates and the required scattering properties. In that caseit turns out that for
small numbersof particles per qubit a limited amount of gatescan be applied.

Thus, the presented schemecannot be usedfor complexquantum compu-
tational processesunlessa way to suppressthe loss of particles is found. In
fact, only very recently it was proposedto suppressthe inelastic three-body
recombination rate using a sequenceof laserpulses[51]. However, even if the
suppressionof lossesshould turn out to be unrealistic in practice, by applying
only a small number of gates,interesting multi-particle statescan be created.
Using the exampleof 87Rb, we showed that it is possibleto preparetwo qubits
of four atoms each in any Bell state. Two qubits of ten atoms each can be
maximally entangled.

In fact, it should be possibleto create even more complex states. Even
though decoherenceimposessevererestrictions onto the number of gatesthat
can be applied subsequently, the number of quantum operationsacting simul-
taneously are in principle not limited. Therefore, by applying the two-qubit
gate onto pairs of qubits in parallel, and then entangling thesepairs in a sec-
ond step, a large number of qubits can be entangled in only two operational
steps. Togetherwith the fast rotation of singlequbits about the x-axis, a vari-
ety of entangled multi-qubit statescould be created. Expanding the presented
scheme,onecould imaginethe creation of entangled multi-qubit statesin only
oneoperational step by arranging the traps in an appropriate way and allow-
ing tunneling betweenmore than two qubits. For the exampleof a three-qubit
system,the arrangement could be a linear or trigonal one. Already for a num-
ber of four qubits, a multitude of con�gurations opensup.

In this thesis, we explored a speci�c approach for quantum computation
basedon qubits encoded in condensatestates. However, onecan partly gener-
alizethe problemsarising from decoherenceto any approach basedon a similar
somehow simpleway of encoding qubits in condensatestatesand usingsecond
order tunneling processesfor entanglement creation. It remains to be seenif
there can be found a clever way to encode qubits in condensatestates such
that not only the statesof the qubits themselvesare robust under defects,but
also the computational processes.
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