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Abstract

I have developed the wave-function version of the equation-of-motion phase-
matching approach (EOM-PMA) for the calculation of four-wave-mixing
optical signals. For the material system, I consider a general electronic-
vibrational Hamiltonian, comprising the electronic ground state, a manifold
of singly-excited electronic states, and a manifold of doubly-excited elec-
tronic states. It is shown that the calculation of the third-order polarization
for particular values of the pulse delay times and in a specific phase-matching
direction requires six independent wave-function propagations within the ro-
tating wave approximation. For material systems without optical transitions
to doubly-excited electronic states, the number of wave-function propaga-
tions is reduced to five. The wave-function EOM-PMA automatically ac-
counts for pulse-overlap effects and allows the efficient numerical calculation
of 4WM signals for vibronically coupled multimode material systems. The
derivation of the general N -pulse wave-function EOM-PMA formulas also
is given. The application of the method is first illustrated for model sys-
tems with strong electron-vibrational and electronic inter-state couplings.
Furthermore, I have performed the first computational simulation of a fem-
tosecond two-dimensional electronic spectrum for a model system with a
conical intersection, using the wave-function version of the EOM-PMA. It is
shown that the two-dimensional electronic spectrum of a two-state two-mode
conical intersection simultaneously provides information on the complicated
energy-level structure of the vibronically coupled states as well as on the
time-dependent electronic population decay. The challenges and prospects
of future simulations of two-dimensional spectra of multi-mode conical in-
tersections are briefly discussed.
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Chapter 1

Introduction

The explicit time-resolved detection of the electronic, vibrational and pho-
tochemical dynamics has been one of the major goals of femtosecond time-
resolved spectroscopy since the 1990s. The early experimental and the-
oretical attempts focused on the time-resolved detection of radiationless
electronic transitions, that is, the time evolution of the populations of ex-
cited electronic states, as well as on the detection of photoinduced vibra-
tional wave-packet dynamics in excited states. The experimental tech-
niques included, among others, transient transmittance pump-probe spec-
troscopy, time-resolved fluorescence, time-resolved ionization with mass-
spectrometric ion detection and time-resolved photoelectron spectroscopy
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. Theoretical investigations have provided
insight how the detected signals are related to the intrinsic observables of
the nonadiabatic dynamics, such as electronic excited-state populations or
time-dependent wave-packets [13, 14, 15, 16, 17, 18, 19, 20, 21].

Nonlinear optical spectroscopy comprises a family of techniques which
generally are referred to as four-wave-mixing (4WM) spectroscopies [22].
While these techniques differ in the number, ordering and phase-matching
directions of the pulses involved, and in the specific information they deliver
on the material system under study, they share a fundamental property:
The corresponding signals are uniquely determined by the third-order po-
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larization P (3)(t).
In the context of ultrafast time-resolved spectroscopy of polyatomic molecules,

conical intersections are of particular interest. Conical intersections are
hypersurfaces of exact degeneracy of adiabatic potential-energy surfaces in
polyatomic molecules [23, 24]. The local topography of a conical intersection
is characterized by the energy gradients in the two-dimensional branching
space as well as by the steepest-decent gradient of the N − 2-dimensional
seam space (for a system with N internal nuclear degrees of freedom) [25,
26, 27, 28]. It is nowadays well established that conical intersections are
commonly involved in the photophysics and photochemistry of polyatomic
molecules [23, 24, 29, 30, 31, 32, 33, 34, 35, 36, 37]. The unique features
of conical intersections are the pronounced local anharmonicity of the adia-
batic energy surfaces, resulting in particularly strong vibrational mode cou-
plings, and the divergence of the non-Born-Oppenheimer coupling element
at the seam of intersection, resulting in a complete breakdown of the Born-
Oppenheimer approximation in the vicinity of the conical intersection. Due
to these features, conical intersections dominate the dynamics at the shortest
(femtosecond) time scales if they are directly accessible by the photoinduced
excited-state wave-packet dynamics. It has been demonstrated by numer-
ous time-dependent quantum wave-packet as well as quasi-classical surface-
hopping trajectory calculations that conical intersections provide the micro-
scopic mechanism for ultrafast (femtosecond) electronic relaxation processes
in polyatomic systems, see, e.g. [29, 31, 32, 34, 37, 38, 39, 40, 41, 42, 43, 44].

Recent progress in femtosecond spectroscopy has allowed the exploration
of specific aspects of the dynamics at conical intersections. For example,
Ref. [45] presents a thorough analysis of the detection of the ultrafast dy-
namics at conical intersections with femtosecond stimulated Raman spec-
troscopy [46]. In this technique, a femtosecond actinic pulse prepares a
non-stationary wave-packet in the excited electronic state, which is subse-
quently probed with stimulated Raman scattering. Another promising op-
tion is to employ four-wave mixing spectroscopies, in particularly three-pulse
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photon-echo spectroscopy. In contrast to the population-sensitive transient
transmittance, transient fluorescence and transient ionization techniques,
three-pulse photon echo spectroscopy is sensitive to coherences of the den-
sity matrix of the material system [22].

In recent years, UV/vis electronic two-dimensional (2D) spectra were
recorded for a number of systems which are believed to exhibit conical in-
tersections of the energy surfaces of spectroscopically accessible states, e.g.
carotenoids, DNA bases, cyclic alkenes, cyanine dyes, or molecular switches
[47, 48, 49, 50, 51, 52, 53, 54, 55]. However, neither accurate ab initio multi-
dimensional potential-energy surfaces nor simulations of the photoinduced
quantum wave-packet dynamics are available for these systems. It is there-
fore unclear whether or not the observed spectra carry specific signatures
of the dynamics of conical intersections, apart from the ultrafast character
of the radiationless electronic decay. It should therefore be helpful if theory
could predict characteristic features of conical intersections in 2D electronic
signals by the simulation of the dynamics and 2D spectra of generic models
of conical intersections.

There exist a large variety of theoretical methods for the computation of
the polarization P (3)(t) (see [22, 56, 57, 58, 59, 60] for recent reviews). They
can be subdivided into perturbative and nonperturbative approaches. In the
perturbative approach, P (3)(t) is expressed as a triple time integral involving
the third-order response functions [22]. This approach is very appealing,
because the response function represents the system dynamics in the absence
of external fields. For simple material systems, such as few-level systems or
damped harmonic oscillators, it can be calculated analytically [22]. However,
as the material systems become more complex, the evaluation of the response
functions necessitates a number of approximations [57, 58, 59, 60, 61, 62] or
requires extensive numerical calculations [63, 64] or computer simulations
[60, 65, 66].

The alternative to the perturbative approach is the nonperturbative eval-
uation of P (3)(t). In this approach, all relevant laser fields are included
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into the system Hamiltonian (which thus becomes time-dependent) and the
dynamics of the driven system is calculated numerically [67]. Since no as-
sumptions are made about the relative timings and durations of the pulses
involved, pulse-overlap effects are accounted for automatically. For complex
multi-level systems (e.g., with strong electronic and vibrational couplings
as well as with bath-induced relaxations), the nonperturbative calculation
is easier to perform than the perturbative one (see [16, 68] and references
therein). The nonperturbative calculation yields, however, the total polar-
ization, which must a posteriori be decomposed in order to single out a
specific combination of the wave vectors (the so-called phase-matching con-
dition) characteristic for a particular optical signal. This can be achieved
by performing a discrete Fourier transform of the total polarization with re-
spect to the phases of the pertinent pulses [57, 58], by the evaluation of the
total polarization for different phases of the pulses involved and expressing
the polarization for a certain phase-matching condition as linear combina-
tion of the computed total polarizations [67, 69, 70, 71, 72, 73, 74], by
performing so-called phase cycling [75, 76, 77], or by computing the contri-
butions corresponding to all possible pulse sequences separately [78]. Two-
pulse induced third-order responses can be evaluated by using more efficient
non-perturbative schemes [58, 16, 68, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88,
89, 90, 91, 92, 18, 93, 94, 95, 96, 97]. Nonperturbative methods have also
been applied to compute two-time fifth-order non-resonant Raman response
functions [98, 99, 100], three-time third-order infrared response functions
[101, 102] and three-time third-order optical response functions [103] via
classical nonequilibrium molecular dynamics simulations.

There exists a relatively new alternative formalism for the calculation
of 4WM signals, the so-called equation-of-motion phase-matching approach
(EOM-PMA) [56, 104]. This method shares features both with the pertur-
bative approach [22] and the nonperturbative approach [67]. In the EOM-
PMA, one directly computes components of the third-order (or higher-order)
polarization corresponding to a particular phase-matching condition, in con-
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trast to the a posteriori decomposition of the nonperturbatively computed
total polarization [67]. Rather than expressing the signals in terms of multi-
time nonlinear response functions, the signals are obtained as expectation
values involving certain auxiliary density matrices (DMs). The calculation
of spectroscopic signals is thus reduced to the time-propagation of a few
modified DMs. The computational cost of these DM propagations is com-
parable to that of the propagation of the field-free DM. Since the a posteriori
decomposition of the total polarization is avoided, the EOM-PMA is com-
putationally more efficient than the nonperturbative approach [67, 69, 70].

The EOM-PMA has been formulated and implemented in terms of the
Liouville - von Neumann equation of motion, in which the driven system
dynamics is treated in terms of the reduced DM [56, 104]. It was applied
to molecular systems [105, 106, 107, 108, 109, 110], excitonic systems [111,
112, 113], quantum dots [114], and doped carbon nanotubes [115].

In the present thesis, I have developed the wave-function (WF) version
of the EOM-PMA. While the description of driven dissipative systems in
terms of master equations is more general than that in terms of Schrödinger
equations, the development of the WF EOM-PMA is valuable due to the
following reasons.

(i) The numerical solution of the time-dependent Schrödinger equation
for the WF is computationally much less expensive than the numerical so-
lution of the Liouville - von Neumann equation for the DM. The use of the
WF EOM-PMA enables us to consider more complex and realistic systems
Hamiltonians, which may be parametrized on the basis of ab initio calcula-
tions [16] or computer simulations [60]. For example, the explicit treatment
of several Franck-Condon-active vibrational modes may adequately describe
the short-time dynamics of the system which is interrogated by femtosecond
spectroscopy.

(ii) The WF EOM-PMA can straightforwardly be incorporated into com-
puter codes which provide the time evolution of the WF of the driven mate-
rial system. The WF EOM-PMA can also be applied to the computation of
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4WM signals of systems described by effective Hamiltonians, which depend
parametrically on certain nuclear coordinates and therefore are explicitly
time-dependent [60].

The present thesis develops the WF EOM-PMA as a new and efficient
computational method. It is organized as follows. In Chapter 2 we review
the basic formalism used throughout the thesis. In Chapter 3, we introduce
the relevant molecular system Hamiltonians and discuss wave-packet dynam-
ics at conical intersections. In Chapter 4, we introduce and outline various
4WM electronic spectroscopies and discuss the appropriate phase-matched
third-order optically-induced polarizations. In Chapter 5 we formulate and
elaborate the WF EOM-PMA, deferring detailed derivations to Appendix A.
In Chapter 6, we calculate and discuss photon-echo 2D optical signals for a
series of model systems with strong electronic and electron-vibrational cou-
plings, which exhibit avoided crossings or conical intersections of the two low-
est excited-state potential energy surfaces. These results reveal fingerprints
of avoided crossings and conical intersections, which might be relevant for the
interpretation of 2D signals of molecular systems. Chapter 7 summarizes the
thesis.
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Chapter 2

Background

2.1 Equations of motion

2.1.1 Pure states

The wave-function and the density-operator formalism represent a standard
way to describe molecules. Throughout the present thesis the standard Dirac
notation will be used. We use terms “bra” like |ψ〉 and “ket” like 〈ψ| to denote
vectors and their Hermitian conjugates. These vectors are considered to be
elements of a Hilbert space with a defined scalar product. For example
a scalar product of vectors |ψ〉 and 〈φ| is denoted as 〈φ|ψ〉. In our case
the relevant Hilbert space will be mostly a Hilbert space of ∞-dimensional
vectors of complex numbers.

Considering the standard description by a wave function |ψ(t)〉, the equa-
tion of motion of the system is the Schrödinger equation, which is also a
fundamental equation of quantum mechanics (see e.g. [116]). The time-
dependent Schrödinger equation reads (~ = 1 everywhere in the text)

i∂t|ψ(t)〉 = H(t)|ψ(t)〉, (2.1)

where H(t) is the Hamiltonian operator of the system. Further in the thesis
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the system described by wave function |ψ(t)〉 will be mostly an ensemble of
molecules in the sample impacted by femtoseconds laser pulses.

Further we will also work with density operators in the Liouville space,
which is a direct product of two Hilbert spaces. The elements of Liouville
space are linear operators. An example of such an element could be an
operator ρ = |ψ〉〈φ|, which is defined using elements of the two identical
Hilbert spaces of ∞-dimensional vectors of complex numbers. We can de-
scribe the system of interest using both the Hilbert or the Liouville space.
In the Hilbert space, the system will be described by a wave function |ψ〉.
The corresponding description in the Liouville space is then by the density
operator ρ = |ψ〉〈ψ|. In the context of the present thesis we will have a
density operator describing the ensemble of molecules mentioned above. Of-
ten we can describe the system by a single wave function, in which case we
would talk about pure state and the density operators are not relevant.

2.1.2 Mixed states

The density-operator description becomes relevant when it is suitable to
describe the system by many wave functions, and each one of them has a
certain probability to be selected taking random wave function from the
ensemble. For example we can assume that with probability p1 the sytem is
in a state |ψ1〉, with probability p2 it is in a state |ψ2〉, etc. Then the density
operator of the system takes the form

ρ =
∑
i

pi|ψi〉〈ψi|. (2.2)

The density operator constitutes a key object in quantum statistical
physics (see e.g. [117]). Applying density-operator formalism we can for
example easily reproduce the Boltzmann distribution by defining the den-
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sity matrix as

ρB = Z−1

∞∑
n=0

e−
En
kT |n〉〈n|, (2.3)

Z =
∞∑
n=0

e−
En
kT (2.4)

where Z is the partition function, En is energy of state |n〉 (eigenstate of
Hamiltonian), and kT (a constant of the distribution) is the product of
Boltzmann’s constant k and thermodynamic temperature T . This proba-
bility distribution does not correspond to such a single wave function |ψ〉
that the density operator ρB would be |ψ〉〈ψ|. Nonexistence of the state |ψ〉
defines a condition referred to as the system is in the mixed state. We could
try to describe the system by a wave function but in this case we would
have to rise significantly the dimensionality of the wave function (taking the
Hilbert space of the system as a direct product of many original Hilbert
spaces) to get the same Boltzmann probability distribution with no unphys-
ical coherences (off-diagonal elements of density matrix). For the purpose
of spectroscopy the Boltzmann distribution of the molecules in the sample
is very commonly supposed to be the initial condition for computation of
time-evolution of the density operator.

Considering the description of the system by the density operator ρ(t),
the equation of motion as follows directly from the Schrödinger equation
(2.1) and the definition of the density operator ρ(t) = |ψ〉〈ψ| is the well
known Liouville equation (see e.g. [22])

i∂tρ(t) = [H(t), ρ(t)] (2.5)

with H(t) being again the Hamiltonian operator of the system.
The Liouville equation contains the time-evolution of off-diagonal ele-

ments of the density operator, which do not directly correspond to elements
of wave function. The decay of these elements of the coherences due to
the relaxation of the ensemble to the equilibrium state is often achieved in
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the simulations by addition of few constant terms to the Liouville equation
causing constant decay of the coherences. On the other hand, the number
of elements of the density matrix is significantly larger than the amount of
elements in case of state vectors. This difference rises with the amount of
quantum states involved. The propagation of the density operator then be-
comes very demanding when it comes to the computer time making it very
advantageous to keep the wave-function picture.

Let us discuss how the interaction of the molecules with their environ-
ment is taken into account. Usually the environmental degrees of freedom
are traced out and the master equation for the reduced density operator ρ(t)

containing molecular degrees of freedom reads

i∂tρ(t) = [H(t), ρ(t)]− iDρ(t), (2.6)

D being a suitable dissipative operator. By the environmental degrees of
freedom we mean the the intra-molecular degrees of freedom, which are
not included in ρ(t) and the inter-molecular degrees of freedom describ-
ing the interaction of the studied molecules in the sample with the other
molecules in there. These are usually taken into account as vibrational
modes. In general, the dissipative operator is time-dependent capturing
the non-Markovian dynamics. There are several basic approaches to in-
clude the molecule-environmental interaction into account. It is a common
assumption that the interaction with the bath is weak so we can treat the
system-bath coupling perturbatively and obtain the Redfield equation. More
phenomenological approach is based on Lindblad equation, which does not
directly follow from Hamiltonian dynamics. The approach, which can suc-
cessfully include arbitrarily strong molecular-bath coupling is defined by the
hierarchy equations of motion by Tanimura [118].

In the context of the present thesis, the environmental influence is not
the main studied effect. Throughout the thesis, we concentrate on molecular
dynamics on the femtosecond scale. Hence, we can neglect relaxation transi-
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tions to the Boltzmann distribution. The decay of the off-diagonal elements
of the molecular density matrix will be accounted for as the electronic de-
phasing. The dephasing means that the coherence of the molecular dipoles
in the sample decays.

2.2 Time-dependent perturbation theory

2.2.1 Wave-function picture

In many considerations it is important to use time-dependent perturbation
theory. Let us sum up the time-dependent perturbation theory. Firstly we
consider that the system Hamiltonian takes the following form

H(t) = H0 +H1(t), (2.7)

so the Hamiltonian can be split into two parts - the time-independent part
H0 and the perturbing time-dependent part H1(t). Another prerequisite is
that the time-dependent part H1(t) of the Hamiltonian is small. In this
thesis we work with weak laser pulses, so the relevant H1(t) standing for the
molecule-laser field interaction is small enough so the perturbation theory is
possible to use.

Without any explicit derivations let us state that the solution of the
Schrödinger equation can be written as the following sum

|ψ(t)〉 =
∞∑
m=0

|ψ(m)(t)〉, (2.8)

|ψ(m)(t)〉 = −i
ˆ t

t0

e−iH0(t−t′)H1(t′)|ψ(m−1)(t
′)〉dt′, (2.9)

|ψ(0)(t)〉 = e−iH0(t−t0)|ψ(t0)〉, (2.10)

where |ψ(t0)〉 stands for the initial condition at time t0. Often, the solution
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is written with help of the positively time-ordered exponential (see e.g. [22])
and the Hamiltonian in the Dirac interaction picture HI

1 (t) as follows

|ψ(t)〉 = e−iH0(t−t0) exp←(−i
ˆ t

t0

HI
1 (t′)dt′)|ψ(t0)〉,

HI
1 (t) = eiH0(t−t0)H1(t)e−iH0(t−t0). (2.11)

Expanding the time-ordered exponential leads to the same sum as in Eq.
(2.8).

2.2.2 Density-operator picture

Describing the molecules in the sample in a statistical manner we come to
the density-operator description. In a very similar manner to the previous
case, the time-dependent perturbation theory for the density operator can be
introduced. Considering the Liouville Eq. (2.5) and the form of Hamiltonian
(2.7) it is useful to define superoperators L0 and L1 in the form

L0ρ = [H0, ρ] , (2.12)

L1(t)ρ = [H1(t), ρ] . (2.13)

This notation has the advantage that we can immediately see the analogy of
the Liouville equation with the Schrödinger equation. Having the Liouville
equation now in the form (see e.g. [22])

i∂tρ(t) = (L0 + L1(t))ρ(t) (2.14)

we can see the analogy between ρ(t) ↔ |ψ〉, L0 ↔ H0 and L1(t) ↔ H1(t).
The analogical arguments then lead to formulas of the time-dependent per-
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turbation theory for the density operator

ρ(t) =
∞∑
m=0

ρ(m)(t), (2.15)

ρ(m)(t) = −i
ˆ t

t0

e−iL0(t−t′)L1(t′)ρ(m−1)(t
′)dt′, (2.16)

ρ(0)(t) = e−iL0(t−t0)ρ(t0), (2.17)

where ρ(t0) stands for the initial condition at time t0. And the more compact
form with the positively time-ordered exponential is

ρ(t) = e−iL0(t−t0) exp←(−i
ˆ t

t0

LI1(t′)dt′)ρ(t0), (2.18)

LI1(t) = eiL0(t−t0)L1(t)e−iL0(t−t0). (2.19)
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Chapter 3

Nonadiabatic excited-state
dynamics of molecules

In this chapter we would like to introduce the model Hamiltonians suitable
to describe the vibrational dynamics of molecules. In Section (3.1) we start
discussing a general electron-vibrational Hamiltonian form. Then we con-
sider a displaced harmonic oscillator model (3.1.1) and a model with avoided
crossing (3.1.2) in the potential energy surface profile. We finish the chapter
by introducing and discussing a model with conical intersection (3.1.3).

3.1 Hamiltonians

In the Born-Oppenheimer approximation, we treat the electronic and vibra-
tional degrees of freedom separately, the electronic part of the wave function
depends only parametrically on the nuclear coordinates. We can use this
approximation, when the separation of electronic energy levels is large com-
pared with typical energy spacings of the nuclear motion. To make the
intuitive picture clear, we will talk about electronic states of the molecules
and the dynamics of the nuclei in these electronic states.

From the spectroscopic point of view, the electronic states are coupled by
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laser pulses. The nuclei then have different effective potentials in each elec-
tronic state. In the present thesis these effective potentials are harmonically
approximated, which is a very common approach [16]. Then the molecule
behaves like a multi-dimensional harmonic oscillator.

The electronic couplings break down this intuitive picture. The nonadi-
abatic couplings are weak for well-separated electronic states [16], but they
can become strong when the electronic energy surfaces approach each other.
The molecules with conical intersections have such strong nonadiabatic cou-
plings and are beyond the Born-Oppenheimer approximation.

Further we introduce the Hamiltonians in the diabatic representation.
This means that the basis is chosen such that we can neglect the nona-
diabatic coupling operators, and the electronic coupling is represented by
potential-energy couplings (see e.g. [16]). The diabatic representation is su-
perior over adiabatic representation from the computational point of view.
In adiabtic representation, the coupling operators can diverge and the har-
monic approximation of the nuclear potentials is often not possible due to
strong anharmonicities of the potentials. The transition dipole moment
operators would also have a complex form in the adiabatic representation.
Furthermore only the electronic states relevant to the assumed spectroscopic
experiments are considered.

3.1.1 Shifted harmonic oscillator

We write the Hamiltonian H of the molecular system as the sum of an elec-
tronic ground-state Hamiltonian Hg, the singly-excited state Hamiltonian
He

H = Hg +He. (3.1)

In the diabatic representation, the Hamiltonians are defined as

Hg = |g〉hg〈g|, (3.2)
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He = |e1〉(h1 + ε1 − iγ1)〈e1|+ |e2〉(h2 + ε2 − iγ2)〈e2|, σ = 1, 2. (3.3)

Here the bra-ket notation is used to denote the electronic ground state |g〉,
the two singly-excited electronic states |e1〉 and |e2〉. The doubly-excited
states are not used for calculations in this thesis, but later we will intro-
duce them for general discussions of the computational approaches. hg and
h1, h2 represent the corresponding vibrational Hamiltonians. For simplic-
ity, no doubly-excited electronic states are included. The shifted harmonic
oscillator model is a standard spectroscopic molecular model [119]. The one-
dimensional shifted harmonic oscillator system is the simplest one we use in
the thesis for calculations of 2D spectra later in the thesis. The model will
serve us in later chapters as an introductory application of the equation-of-
motion-phase-matching approach. The electronic states |g〉, |e1〉, and |e2〉
are coupled to harmonic vibrational modes with dimensionless coordinates
Qα and conjugated momenta Pα. The system Hamiltonian is given by Eqs.
(3.1)-(3.3) with

hg =
∑
α

Ωα

2

{
P 2
α +Q2

α

}
, (3.4)

hk =
∑
α

Ωα

2

{
P 2
α + (Qα −∆

(α)
k )2

}
, k = 1, 2. (3.5)

Ωα are the vibrational frequencies, ∆
(α)
k are the dimensionless displacements

of the excited-state equilibrium geometries from the ground-state geometry.

3.1.2 Avoided crossing

Let us keep the model from the previous section but only one-dimensional
harmonic oscillator (summation index α = 1 only in Eqs. (3.4), (3.5)) and
with additional electronic coupling ∆, so the avoided crossing Hamiltonian
HC
e is

HC
e = He + (|e1〉∆〈e2|+ h.c.). (3.6)
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One immediate consequence is that the energy eigenstates will repel. This
case is often referred to as to a model with avoided crossing. The model
of molecules with avoided crossing is widely used in chemistry. There is a
non-crossing rule [16], which states that within the Born-Oppenheimer ap-
proximation the potential energy surfaces of two electronic states of different
symmetries can not cross. This rule does not apply if they belong to the
same symmetry. We can also explain the origin of the name as follows. As
already mentioned, the form of the Hamiltonian is in the diabatic represen-
tation - a representation in which the kinetic energy operator is diagonal.
Diagonalizing the Hamiltonian we obtain the adiabatic representation. The
potential energy terms in the excited states as a function of the nuclear co-
ordinates are parabolic. The name avoided crossing reflects the fact that the
potential energy surfaces in the adiabatic picture can not cross due to the
coupling while they cross in the shifted harmonic oscillator model with no
electronic coupling. We can intuitively explain this fact by looking at the
Hamiltonian as a Hamiltonian of a two-level system with nuclear coordinates
as parameters. And it is known that whenever there is nonzero coupling,
the two solutions of the respective quadratic equation following from the
eigenvalue problem can’t be equal.

3.1.3 Conical intersection

Our final Hamiltonians of interest are those describing the molecules with
conical intersections of potential energy surfaces. These have to contain
at least two nuclear degrees of freedom for the modeling of a conical in-
tersection. Conical intersections appear to have rising importance in recent
development of quantum chemistry and are subject of many interesting phe-
nomena. We will discuss more properties of conical intersection systems in
the next section.

We consider an ensemble of molecules possessing a spectroscopically ac-
cessible conical intersection of the lowest two excited electronic states. In
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a diabatic electronic representation the electronic ground-state Hamiltonian
Hg keeps the form in Eq. (3.2), the singly-excited state Hamiltonian HCI

e is
defined as

HCI
e = He + (|e1〉V12〈e2|+ h.c.). (3.7)

We include two vibrational degrees of freedom in the Hamiltonian. In the
so-called linear vibronic-coupling model [29] the vibrational Hamiltonians
and the vibronic-coupling operator read

hg =
1

2

∑
α=1,2

Ωα(P 2
α +Q2

α) (3.8)

h1 = hg + κ1Q2 (3.9)

h2 = hg + κ2Q2 (3.10)

V12 = λ12Q1. (3.11)

The Qα, α = 1, 2, are dimensionless normal coordinates of the electronic
ground state with harmonic frequencies Ωα and the Pα are the conjugate
momenta. The intrastate electron-vibration coupling constants κ1, κ2 are
the gradients of the excited-state potential energies with respect to the so-
called tuning coordinate Q2, which are also totally symmetric coordinates.
The non-totally symmetric coordinate Q1, the so-called coupling coordinate,
couples the electronic states |e1〉, |e2〉 in first order, see Eq. (3.11). For
simplicity, it is assumed that the harmonic vibrational frequencies Ωg, Ω1,
Ω2 are the same in the three electronic states. If κ1 6= κ2, the excited-
state potential-energy functions V1 = 1

2
Ω2Q

2
2 + κ1Q2 and V2 = 1

2
Ω2Q

2
2 +

κ2Q2 exhibit an intersection which becomes a conical intersection when the
coupling mode Q1 is taken into account [29].
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3.2 Conical intersections - exemplary proper-

ties of the dynamics

Figure 3.1: Schematic view of the adiabatic potential energy surfaces in the
excited electronic states for the conical intersection model of pyrazine.

In the chemical literature it has been long assumed that the true surface
crossings are rare phenomena appearing mainly in the cases of high sym-
metry of nuclear geometry. The recent ab initio computational studies have
revealed that the conical intersections are a very common phenomenon in
polyatomic molecules. The studies yield substantially different quantum dy-
namics in comparison to the preceding molecular models in quantum chem-
istry.

Let us now discuss more features of the quantum dynamics of the conical
intersection systems. As an exemplary model of a molecule with conical
intersections we will use the molecule of pyrazine. The adiabatic potential-
energy surface of the S2 electronic state of pyrazine is embedded in the
potential-energy surface of the S1 state (see Fig. 3.1) [16]. The picture shows
our two-mode model, so there is one point of intersection. In models with
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more vibrational modes, the two surfaces are not degenerate in one point but
on a (“number of modes”−2)-dimensional hypersurface. Yet the systems are
called conical intersection systems - we can always select one tuning mode
to the coupling mode to get a single conical intersection in the schematic
view of the adiabatic potential energy surfaces. The most important points
on the hypersurface are then those, which are on the reaction path.

In the adiabatic picture the energy surfaces are strongly coupled by the
nonadiabatic coupling matrix element which diverges at the point of in-
tersection. This divergence of derivative couplings at the point of conical
intersection is a generic phenomenon in a conical intersection system, which
is the reason why the adiabatic representation is inconvenient. In our dia-
batic representation (Eq. (3.11)) the coordinate coupling element is finite.
Such a diabatic representation is adequate in the case that the wave-packet
remains in the vicinity of the conical intersection, so we can use the Taylor
expansion to approximate the coupling element.

One of the most important aspects of the conical intersection is popu-
lation probability transfer through the conical intersection. The population
probability of the bright excited state, assuming instantaneous electronic
excitation at t = 0, is defined as

P2(t) = 〈ψ(t)|P̂2|ψ(t)〉 (3.12)

where
P̂2 = |e2〉〈e2| (3.13)

and
|ψ(t)〉 = e−iHet|e2〉|0, 0〉. (3.14)

The population probability of the bright excited state decays due to the
strong nonadiabatic coupling with the dark state, as is shown in Fig. 3.2.
P2(t) exhibits an ultrafast (≈ 30 fs) initial decay which is followed by sev-
eral oscillations, which can be straightforwardly attributed neither to the
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coupling mode, nor to the tuning mode. The long-time limit of P2(t) is
approximately 0.4. The incomplete decay is a consequence of the limited vi-
bronic phase space of the two-mode model. When several tuning modes are
included, the long-time limit of P2(t) decreases, while the initial fast decay
remains largely the same [120, 121]. It has been shown by detailed numer-
ical simulations that the electronic population dynamics can be probed in
real time by femtosecond transient transmittance pump-probe spectroscopy,
femtosecond fluorescence upconversion, or femtosecond photoelectron spec-
troscopy, provided the pulse durations are shorter than the vibrational peri-
ods of the tuning and coupling modes [14, 15, 16]. The population dynamics
depicted in Fig. (3.2) is typical for many systems with conical intersections.
The conical intersections are the cause of ultrafast relaxation processes and
radiationless decays. In other simulations also the dissipation effects have
been taken into account. These result in strong reduction of the fluctuations
around the mean value observed in the population time evolution.

The detailed wave-packet dynamics in the vicinity of conical intersec-
tions have been analysed [122]. Qualitatively speaking the wave-packet first
focuses towards the apex of the cone due to the convex shape of the upper
potential energy surface, then the transition through the intersections to-
wards the lower surface, then the wave-packet gets deflected by the concave
shape of the lower cone, so no recurrence will appear, and finally a dissi-
pative environment or additional modes will cause relaxation assuring the
irreversibility of the process.

The linear absorption spectrum I(ω) of the present model system is dis-
played in Fig. 3.3 for two values of the optical dephasing parameter (see
explanation of dephasing at the end of the section 2.1.2), ξ = 57 cm−1

(weak dephasing) and ξ = 152 cm−1 (strong dephasing). The spectrum
with higher resolution, Fig. 3.3a, exhibits irregular line spacings and line
intensities, which is characteristic for two-mode or three-mode conical in-
tersections. Moreover, the pronounced local anharmonicity of the adiabatic
surfaces results in a strong mode-mode coupling and therefore irregular level
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spacings [29, 16]. With stronger dephasing, ξ = 152 cm−1, a diffuse spec-
trum with a few irregularly spaced humps results, see Fig. 3.3b. Such band
shapes are characteristic for the bright states of organic chromophores, e.g.
heteroaromatic molecules or polyenes. The spectrum would be completely
different for the shifted harmonic oscillator model. In that case the spac-
ing between peaks is regular and much fewer eigenstates of the Hamiltonian
would contribute to the spectrum. We can see that the wave-packet dynam-
ics in the vicinity of conical intersection is reflected in the linear absorption
spectra.
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Figure 3.2: Time evolution of the population of the bright excited electronic
state.
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Figure 3.3: Linear absorption spectra of pyrazine. (a): weak optical dephas-
ing (ξ = 57 cm−1, 1/ξ = 94 fs). (b): strong optical dephasing (ξ = 152
cm−1, 1/ξ = 35 fs)
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Chapter 4

Theory of four-wave-mixing
spectroscopy

4.1 From linear to four-wave-mixing spectroscopy

Spectroscopy is one of the most important techniques to analyse molecular
samples. The most common is linear spectroscopy, which comprises absorp-
tion and emission spectroscopy. The term linear comes from the fact that
the signal depends linearly on the intensity of the incoming electric field.
Classically speaking the oscillating electro-magnetic field going through the
sample displaces the protons and electrons of molecules in the opposite di-
rections. This separation is quantified by induced electric dipole moment.
Because the electro-magnetic field oscillates, the induced molecular electric
dipole moments oscillate as well. The density of the induced dipole mo-
ment is called polarization which is the most important quantity in the
subsequent considerations, because the signal outcoming from the sample
in various directions is linearly dependent on the field induced polarization.
The optically-induced polarization in the sample is the mean value of the
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transition dipole moment operator. It can be partitioned as follows

P (t) = P (1)(t) + P (2)(t) + P (3)(t) + ..., (4.1)

The P (0)(t) term is omitted (no permanent dipole moment), and the P (n)(t)

is proportional to the n-th order of the incoming electric field.
In nonlinear spectroscopic experiments the signal depends on higher pow-

ers of the incoming laser fields (that means P (n)(t) with n > 1 is relevant).
Linear spectroscopy has certain limitations the nonlinear spectroscopy over-
comes. In chemically relevant systems linear spectra often are featureless.
Nonlinear spectroscopic techniques overcome this difficulty and deliver more
informative signals.

Apart from dividing spectroscpic techniques into linear and nonlinear,
we should distinguish between time- and frequency-domain techniques. An
ideal time-domain spectroscopy utilizes pulses, which are shorter than the
time scale of the processes involved. Increasing time resolution decreases
frequency resolution and the other way around. In the opposite limit of
stationary fields we can achieve very good spectral resolution. The abil-
ity of simultaneous control of several time and frequency variables features
multi-dimensional spectroscopy, which is the subject of the present thesis.
Using nonlinear time-domain spectroscopy, for example pump-probe spec-
troscopy, we can also study population time-evolution (diagonal elements
of the system density matrix), which is not possible in the case of linear
spectroscopy.

Femtosecond nonlinear spectroscopy can be considered as four-wave-
mixing (4WM) spectroscopy. It includes for example photon echo, transient
grating, fluorescence up-conversion, coherent anti-Stokes-Raman scattering
and the already mentioned pump-probe. These techniques differ in the or-
dering, number and phase-matching directions of the laser pulses acting on
the sample and they deliver different information on the studied system. In
the nonlinear spectroscopy the signal is emitted in the directions defined by
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the wave vectors

k =
3∑

a=1

laka, (4.2)

la being arbitrary integer numbers [22]. Choosing the particular k vector is
called applying a specific phase-matching condition. In 4WM experiments
the sample is affected by three laser pulses and the signal is then measured
in a selected phase-matching direction by mixing with the local oscillator
pulse. The signal depends on the time delays between the pulses and their
carrier frequencies, and the spectroscopic technique is multidimensional.

4.2 Two-dimensional spectroscopy

To conclude the discussion of spectroscopic techniques let us introduce two-
dimensional (2D) spectroscopy. In principle any spectroscopic measurement
with at least two variables is in some sense 2D spectroscopy. But it has
become a standard (which we follow in this thesis) to refer to a particular
4WM technique as to 2D spectroscopy.

2D spectroscopy of electronic transitions in molecular systems was pi-
oneered, among others, by Warren, Jonas, Brixner and Fleming [123, 124,
125]. It has been shown that 2D spectroscopy provides direct insight into the
coupling of chromophores and energy flow in complex multi-chromophoric
systems, such as J-aggregates or biological antenna complexes [126, 127,
128, 129]. The theoretical description of electronic 2D spectroscopy in the
response-function formalism and the simulation of 2D spectra for a vari-
ety of systems has been reviewed in [119]. As another applications of 2D
spectroscopy could be mentioned for example studies of excitons in quan-
tum wells or studies of coupling strength between quantum dots, which is
important in quantum information applications.

2D spectroscopy [130] is a photon-echo technique with the phase-matching
direction given by Eq. (4.13). The 2D spectrum is then obtained by the
Fourier transform of the signal with respect to the emition time t and delay
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time between the first two pulses τ (see Eq. (6.3)) [130]. Further we will
denote the 2D spectra as I(ωτ , ωt, T ) - a function of absorption frequency
ωτ , emission frequency ωt and the population time T . 2D spectra can be
subdivided into three groups according to the pulse-delay parameter τ . If
we use the whole range of τ including the negative part as defined later in
Eq. (6.4), we obtain total 2D spectrum. The 2D spectra defined as in Eq.
(6.10) with positive τ delays corresponding to a natural pulse ordering are
called the rephasing 2D spectra, because the dephasing due to inhomoge-
neous broadening is canceled. The third group of 2D signals, which is not
explicitly considered in this thesis, corresponds to negative τ and yields part
of nonrephasing spectra.

2D spectra contain more information than linear spectra. Knowing the
2D spectrum we can calculate the linear absorption spectrum by the integra-
tion of the 2D spectrum I(ωτ , ωt, T ) at T = 0 with respect to the absorption
frequency or emission frequency.

One of popular applications of 2D spectroscopy is determining whether
two selected states are coupled or uncoupled. In 2D spectroscopy, the cou-
pling of the states immediately results in cross peaks in the spectra. In
linear spectra, no extra peaks are created and it is much more complicated
to interpret them unambiguously.

Relaxation mechanisms are reflected in the shape and intensities of peaks
in 2D spectra. We can study the relaxation and population transfer analysing
the peak intensities as a function of the population time T .

The spectral lines are broadened due to slightly different absorption and
emission frequencies of the molecules (inhomogeneous broadening) and due
to dephasing in the sample (homogeneous broadening). The dephasing caus-
ing the decay of the polarization is caused by interaction of the molecules
with different local environments.

29



4.3 Response function formalism

Let us define the Hamiltonian operator representing the system-field inter-
action. We adopt the rotating wave approximation (RWA) and write the
corresponding Hamiltonian as follows:

HF (t) = −
3∑

a=1

µa(t)e
−ikar +H.c., (4.3)

µa(t) = XEa(t− τa)λa exp{iωa(t− τa)}. (4.4)

Here λa , ka, ωa, Ea(t), and τa denote the amplitude, wave vector, carrier
frequency, dimensionless envelope, and the central time of the pulses. The
transition dipole moment operator assumes the form

X =
2∑
i=1

vi|g〉〈ei|. (4.5)

vi = sdi, where s is the unit vector of the polarization of the laser pulses,
while di is the transition dipole moments. The total transition dipole mo-
ment operator µ is then

µ = X +X†. (4.6)

The time-dependent Schrödinger equation with the Hamiltonians (5.1)
and (4.3) reads

i∂t|ψ(t)〉 = (H +HF (t))|ψ(t)〉. (4.7)

We assume here that the model system can be considered as isolated on the
time scale of interest (t < 100 fs). The main effect of environmental per-
turbations and of finite temperature is the dephasing of the optical coher-
ence between the electronic excited-state manifold and the electronic ground
state. This dephasing will be included in a phenomenological manner. This
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equation has to be solved with the initial condition

|ψ(t = t0)〉 = |g〉|0v〉. (4.8)

Eq. (4.8) implies that the vibrational temperature is zero, so that the system
is in its ground electronic state |g〉 and in the ground vibrational state |0v〉
before the interaction with the first laser pulse. If the time-dependent WF
is known, we can evaluate the total optically induced polarization

P (t) = 〈ψ(t)|µ|ψ(t)〉. (4.9)

It can be evaluated by time-dependent perturbation theory in the following
way. Taking HF (t) as HI(t) and H as H0 in Eq. (2.7) we can use the
expansion (2.8) to express the total polarization as

P (t) =
∞∑
k=1

k∑
m=0

〈ψ(k−m)(t)|µ|ψ(m)(t)〉 = P (1)(t)+P (2)(t)+P (3)(t)+..., (4.10)

where

P (n)(t) =
n∑

m=0

〈ψ(n−m)(t)|µ|ψ(m)(t)〉. (4.11)

In the 4WM spectroscopy we are interested in P (3)(t). Looking at the ex-
pression (4.3) containing the exponential factors e−ikar we can see that the
polarization induced by the three laser pulses can be Fourier decomposed in
space with the wave vectors k from Eq. (4.2) as

P (t) =
∑
k

Pk(t) exp{ikr}+ c.c. (4.12)

Note that Pk(t) is complex-valued, since the transition operator X is non-
Hermitian. In applications, we wish to extract a contribution Pk(t) for a
specific phase-matching condition, corresponding to certain specific values
of la in Eq. (4.2), which can be assigned to respective P (n)(t) contributions
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to the polarization. Eq. (4.2) also shows the validity of conservation of
momentum for photons, which are emitted in all these directions. For the
calculation of electronic 2D spectra, we need to extract the three-pulse non-
linear polarization with the photon-echo phase-matching condition [22, 130].
Without loss of generality, we consider here the three-pulse photon-echo (3P)
polarization P3P (t) corresponding to

k ≡ k3P = −k1 + k2 + k3. (4.13)

The polarization in any other phase-matching direction can be obtained from
P3P (t) by renumbering the pulses.

Standardly, the contributions to the induced polarization of the sample
are expressed by time-convolutions of the electric field of the pulses and
the field independent functions called the nonlinear response functions. The
P (3)(t) part of the polarization containing the (3P) polarization P3P (t) is
expressed as

P (3)(r, t) =

ˆ ∞
0

dt3

ˆ ∞
0

dt2

ˆ ∞
0

dt1S
(3)(t3, t2, t1)E(r, t−t3)E(r, t−t2)E(r, t−t1),

(4.14)
where S(3)(t3, t2, t1) is the third-order nonlinear response function. For δ-
pulses, tn yield the time delays between the pulses (the exception is t3, which
is a difference between t and arrival time of the last pulse). The total electric
field acting on the sample E(r, t) is

E(r, t) =
3∑

a=1

Ea(t− τa)λa exp{iωa(t− τa)− ikar}+H.c.. (4.15)

The third-order nonlinear response function can be obtained by the pertur-
bation theory as
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S(3)(t3, t2, t1) = i3θ(t1)θ(t2)θ(t3)〈ψ(−∞)| (4.16)

[[[µ(t1 + t2 + t3), µ(t1 + t2)] , µ(t1)] , µ(0)] (4.17)

|ψ(−∞)〉, (4.18)

where |ψ(−∞)〉 stands for |ψ(t0)〉 while the t0 is taken in −∞, the θ(t) is
the Heaviside step function (0 for negative t, 1 for t equal to 0 or greater)
and

µ(t) = eiH(t−t0)µe−iH(t−t0).

In the literature (see e.g. [22]) one usually finds the third-order nonlinear
response functions written in the density-operator picture. For example the
third-order nonlinear response function looks like

S(3)(t3, t2, t1) = i3θ(t1)θ(t2)θ(t3) (4.19)

Tr([[[µ(t1 + t2 + t3), µ(t1 + t2)] , µ(t1)] , µ(0)] (4.20)

ρ(−∞)) (4.21)

Similarly as in the wave-function picture, the ρ(−∞) stands for the initial
condition of the system at −∞. Both expressions for the nonlinear response
functions can be derived by using the time-dependent perturbation theory
in the wave-function (2.8) and density-operator (2.15) picture. Evaluating
the commutators one obtains 8 terms, corresponding to specific double-side
Feynman diagrams. The terms are possible to assign to different phase-
matching contributions.

The third-order nonlinear response function has a direct physical mean-
ing. In the limit of δ-pulses (the three incoming pulses and the local oscillator
field used for better detection) the signal is proportional to the third-order
nonlinear response function. The variables of the response function are
controlled in the experiments as the interpulse delays, so it is possible to
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“measure” the response function directly.
The third-order nonlinear response function can be evaluated analytically

for a damped harmonic oscillator system or a few-level system [22]. For more
complex systems, such as the molecules with conical intersection studied in
this thesis, the evaluation of response function requires tedious numerical
calculations. To calculate the polarization, one has to also integrate the
triple integral in Eq. (4.14). These difficulties motivated the development
of alternative computational approaches, which are described in the next
section.

4.4 Nonperturbative theory

The standard method of the calculation of the third-order polarization is
the perturbative response-function formalism [22, 130] applicable when the
optical field is weak compared to the electrostatic field in the molecule. In
perturbation theory, the individual contributions are classified by the wave
vector k (Eq. (4.2)) and the phase-matched photon-echo polarization can
be calculated directly. When the nonperturbative expression (4.9) is used,
one obtains the total polarization which a posteriori has to be decomposed
into the phase-matching directions according to Eq. (4.12) [67, 69, 70, 68].
When dealing with more complex systems than the few-level system and
harmonic oscillator, the nonperturbative approach is clearly more efficient
over the response-function approach [68, 56].

To show how the nonperturbative methods work, suppose we have two
incident electric fields with wave vectors k1, k2. As stated in [16] employing
the RWA and assuming non-overlapping pulses, the emission occurs only in
the directions k1, k2, and 2k2 − k1. To extract the desired contribution to
the polarization we can write the overall polarization P (t) [16] as a sum

P (φ) =
∑
n

Pn exp{inφ}, (4.22)

34



where the φ ≡ k1r denotes the phase. Because of our phase-matching con-
ditions above, the n in the sum has values −1, 0 and 1 only and these
correspond to phase-matching conditions 2k2 − k1, k2, and k1 respectively.
We can extract the chosen phase-matched contributions by computations of
certain linear combinations of the functions P (φ) with selected phases φ.
For example the third order contribution to the 2k2 − k1 phase-matching
direction (see Eq. (4.12)) is then

2P−1 =
1

2
Re(P (0)− P (π)) +

1

2
Im(P (

3π

2
)− P (

π

2
)). (4.23)

As we can see, the nonperturbative computation requires the calculation
of the total polarization for several phases φ. In the case of 2-pulse tech-
niques four wave-function propagations are required. In the case of 3-pulse
techniques, the number of propagations increases to 12.

The nonperturbative WF-based methods described in Refs. [69, 70] work
in a similar way as illustrated in Eqs. (4.22) and (4.23). In this case three
pulses are considered so the polarization is written as

P (φ1, φ2, φ3) =
∑
n,m,l

Pn,m,l exp{inφ1 + ilφ2 + imφ3}. (4.24)

To obtain the third order polarization reduction of terms due to symmetry,
weak fields and resonant excitation is employed [69], so only 12 terms are
left in the sum in Eq. (4.24). The choice of the phase elements in Eq. (4.24)
lead to a system of linear equations

P = CP̃ , (4.25)

where the vectors P (left hand side of the Eq. (4.24)), P̃ (right hand side
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of the Eq. (4.24)) and the matrix C are defined as

P =



P1

P2

.

.

.

P12


, P̃ =



P̃1

P̃2

.

.

.

P̃12


,C =



c1,1 c1,2 ... c1,12

c2,1 ... ... .

. . . .

. . . .

. . . .

c12,1 . . c12,12


(4.26)

with the 12 components of the vectors standing for the 12 individual com-
binations of n, l, m and the matrix elements ci,j standing for the factors
on the right hand side of Eq. (4.24) dependent on the choice of phases
φ1, φ2 and φ3. The suitable choices of the phases are discussed in Refs.
[69, 70]. In comparison to the WF EOM-PMA the methods described in
Refs. [69, 70] do not include doubly-excited electronic states. Nevertheless,
they are computationally more expensive than the WF EOM-PMA. As has
been shown, the a posteriory extraction of the 3P polarization from the total
polarization within the RWA requires the solution of a 12×12 system of lin-
ear equations. Hence, one has to compute 12 WFs for different phase angles
of the pulses, as well as three more WFs to remove the linear response. The
use of the phase-cycling procedure requires the determination of the time
evolution of 16 auxiliary nonlinear polarizations [75, 76]. The nonlinear ex-
citon equations can be also formulated in the presence of external optical
fields [57, 131]. The solution of the resulting system of linear differential
equations is, however, numerically expensive due to the contributions from
the triple excitonic operators.
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Chapter 5

Equation-of-motion
phase-matching approach
(EOM-PMA)

We develop and apply a hybrid method for the evaluation of the nonlin-
ear polarization, the so-called equation-of-motion phase-matching approach
(EOM-PMA) which shares features of the perturbative and nonperturbative
methods [105, 56, 132]. In the EOM-PMA, the third-order polarization cor-
responding to a specific phase-matching condition is computed directly, in
contrast to the a posteriori decomposition of the total polarization. Only a
numerical solution of certain auxiliary Liouville or Schrödinger equations is
required to obtain the desired phase-matched polarization. The EOM-PMA
is therefore computationally more efficient than the original nonperturbative
approach [56].

5.1 Molecular Hamiltonian for the EOM-PMA

For the derivation and application of the EOM-PMA we will use a more gen-
eral form of the molecular Hamiltonian, which includes the model molecular
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Hamiltonians discussed in Section 3 as special cases. This Hamiltonian con-
tains doubly-excited electronic states and a more general form of electronic
couplings.

We write the Hamiltonian H of the molecular system as the sum of an
electronic ground-state Hamiltonian Hg, a singly-excited state Hamiltonian
H

(1)
e , and a doubly-excited state Hamiltonian H(2)

e ,

H = Hg +H(1)
e +H(2)

e . (5.1)

In the diabatic representation, the Hamiltonians are defined as

Hg = |g〉hg〈g|, (5.2)

H(σ)
e =

Nσ∑
k=1

|e(σ)
k 〉(h

(σ)
k + ε

(σ)
k − iγ

(σ)
k )〈e(σ)

k |+
Nσ∑

k 6=j=1

|e(σ)
k 〉U

(σ)
kj 〈e

(σ)
j |, σ = 1, 2.

(5.3)
Here the bra-ket notation is used to denote the electronic ground state |g〉,
a manifold of N1 singly-excited electronic states |e(1)

k 〉 and a manifold of N2

doubly-excited electronic states |e(2)
k 〉. hg and h

(σ)
k represent the correspond-

ing vibrational Hamiltonians. ε(σ)
i are the vertical electronic excitation ener-

gies. 1/γ
(σ)
k are phenomenological lifetimes of the excited electronic states.

If necessary, they can be included to describe intramolecular radiationless
electronic transitions from the |e(1)

k 〉 and |e
(2)
k 〉 manifolds to lower electronic

states. In the context of the present thesis, the H(2)
e part of the Hamilto-

nian is used for general derivations of formulas, but not for actual numerical
calculations of 2D spectra. U

(σ)
kj are electronic coupling matrix elements

which depend, in general, on vibrational coordinates. In the context of op-
tical four-wave-mixing (4WM) spectroscopy, H represents a rather general
electron-vibrational Hamiltonian [119], since higher lying excited electronic
states can be probed only by NWM spectroscopy with N > 4 [133] or
strong-pulse 4WM spectroscopy [134, 135, 136].

A few words about the terminology. We refer to the manifolds of elec-
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tronic states |e(1)
k 〉 and |e

(2)
k 〉 as singly- and doubly-excited. This notation is

appropriate for excitonic systems. For polyatomic molecules, |e(1)
k 〉 and |e

(2)
k 〉

pertain to excited electronic states which are resonant with the carrier fre-
quency and twice the carrier frequency of the pulses, respectively. Keeping
this distinction in mind, we use the excitonic terminology throughout the
thesis for brevity.

The Hamiltonian introduced above (Eqs. (5.1)-(5.3)) is typical for poly-
atomic molecules possessing two approximately degenerate excited electronic
states [16, 137]. The Hamiltonian is also generic for describing excited-state
charge transfer in molecular systems [138]. In this case, the electronic states
|e(1)

1 〉 and |e
(1)
2 〉 can be considered as donor and acceptor states. The dy-

namics of such systems, as revealed through time- and frequency resolved
spontaneous emission, has extensively been studied [18, 139]. Here we wish
to investigate how the dynamics manifests itself in 2D optical signals. Re-
cently, charge-transfer processes in molecular systems have been monitored
by optical 2D experiments [128, 129].

In the case of the Hamiltonian with doubly-excited states, the transition
dipole moment operator assumes the form

X =

N1∑
i=1

vi|g〉〈e(1)
i |+

N1∑
i=1

N2∑
j=1

vij|e(1)
i 〉〈e

(2)
j |. (5.4)

The first term is responsible for the transitions between the ground state and
the singly-excited electronic states. The second term describes transitions
between singly- and doubly-excited electronic states. Explicitly, vi = sdi

and vij = sdij, where s is the unit vector of the polarization of the laser
pulses, while di and dij are the transition dipole moments.

It is well established that the RWA is accurate for electronic spectroscopy
with visible or UV pulses. The RWA implies that we consider electronically
resonant pulses and assume that the pulse carrier frequencies match ap-
proximately the energy differences between the respective electronic states:
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ωa ≈ ε
(1)
i ≈ ε

(2)
j − ε

(1)
i ≈ ε0. Here ε0 is a characteristic electronic transition

energy. The requirement ωa ≈ ε
(1)
i is inherent to optical spectroscopy. The

requirement ωa ≈ ε
(2)
j − ε

(1)
i , on the other hand, is fulfilled for excitonic

systems, but seems rather arbitrary for polyatomic molecules (see, e.g., a
recent discussion in [140]). In polyatomic molecules, on the other hand,
the density of the excited electronic states at energies ≈ 2ε0 is generally
rather high. The manifold |e(2)

k 〉 represents those high-lying electronic states
which are approximately resonant with 2ωa and have non-vanishing tran-
sition dipole moments with the manifold |e(1)

k 〉. In 4WM experiments, the
|e(2)
k 〉 are responsible for excited-state absorption. If the electronic states
|e(2)
k 〉 have vanishing transition dipole moments with the |e(1)

k 〉, their contri-
bution can be neglected and the 4WM response can be calculated without
the consideration of doubly-excited states.

It is convenient to reduce all the energies in the excited electronic states
and the carrier frequencies of the pulses by the value of ε0, that is, to replace

ε
(1)
i → ε

(1)
i − ε0, ε

(2)
i → ε

(2)
i − 2ε0, ωa → ωa − ε0. (5.5)

This convention is used in the following.

5.2 Wave-function formulation of the EOM-PMA

To evaluate P3P (t), we introduce a series of auxiliary non-Hermitian Hamil-
tonians. In what follows, we adopt the notation

H12†(t) = H − µ1(t)− µ†2(t), (5.6)

H12†3†(t) = H − µ1(t)− µ†2(t)− µ†3(t), (5.7)

and the like for any number of pulses. In general, the system Hamiltonian
H itself may be non-Hermitian (due to the presence of the lifetime factors
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γ
(a)
k in Eq. (5.3)). Therefore, we also define the Hamiltonians

H12†(t) = H† − µ1(t)− µ†2(t) (5.8)

(and the like for any number of pulses). The Hamiltonians with overbar
differ from their counterparts without overbar by the replacement of H by
H†.

We are now in the position to introduce the bra and ket Schrödinger
equations

i∂t|ψ12†3†(t)〉 = H12†3†(t)|ψ12†3†(t)〉, (5.9)

− i∂t〈ψ̄12†(t)| = 〈ψ̄12†(t)|H12†(t), (5.10)

and similar equations for all other relevant WFs.
With the preceding definitions, our result reads:

P3P (t) =

〈ψ̄12†3†(t)|X|ψ12†3†(t)〉 − 〈ψ̄12†(t)|X|ψ12†(t)〉 − 〈ψ̄13†(t)|X|ψ13†(t)〉+O(λ4).

(5.11)
The proof of Eq. (5.11) is given in Appendix A.1. The three-pulse photon-
echo polarization can thus be evaluated through 6 auxiliary WFs.

If the radiative coupling to higher excited states is neglected, as in the
present three-state model, Eq. (5.11) can be simplified and only five auxil-
iary wave functions need to be propagated, as is explained in Appendix A.5
how the Eq. (5.11) simplifies to

P3P (t) = O(λ4) + 〈ψ̄12†(t)|X| (ψ12†3†(t)− ψ12†(t))〉+ (5.12)

〈ψ̄13†(t)|X| (ψ12†3†(t)− ψ13†(t))〉 − 〈ψ̄(t)|X|ψ12†3†(t)〉,(5.13)

where 〈ψ̄(t)| is similarly as in Eqs. 5.8 and 5.10 determined by equation of
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motion

− i∂t〈ψ̄(t)| = 〈ψ̄(t)|H(t), (5.14)

H(t) = H†. (5.15)

The time independence of the Hamiltonian makes the time-propagation of
the vector 〈ψ̄(t)| trivial. In this case, only 5 nontrivial auxiliary WFs are
necessary for the evaluation of P3P (t). Note that the term 〈ψ̄(t)|X|ψ12†3†(t)〉
is erroneously missing in Eq. (19) of [132].

The polarization P3P (t) can be also obtained using other combinations
of auxiliary wave functions. For example, the following expression holds:

P3P (t) = 〈ψ̄12†|X|ψ12†3†−ψ12†〉− 〈ψ̄|X|ψ13† +ψ12†〉+ 〈ψ̄13†|X|ψ12†〉+O(λ4).

(5.16)
The formula which is obtained from this equation by interchanging the sub-
scripts 2 and 3 also is correct. In all these cases, only 5 auxiliary WFs are
necessary for the evaluation of P3P (t).

The number of independent auxiliary WFs necessary for the evaluation
of the phase-matched polarizations, 6 in Eq. (5.11) and 5 in Eqs. (5.12,
5.16), cannot be decreased further. This statement is proven in Appendix
A.2.

Here, we wish to explain the relationship of the WF EOM-PMA to exist-
ing methods for the calculation of third-order optical signals, and to discuss
practical aspects of the implementation of the EOM-PMA.

Eqs. (5.11), (5.12) and (5.16) are valid in the leading order of the per-
turbation expansion in the optical fields involved, that is P3P (t) ∼ λ1λ2λ3 +

O(λ4). Thus the domain of validity of Eq. (5.11), (5.12) and (5.16) coincides
with that of the third-order perturbation expansion. Given the system and
the system-field dynamics are described by the Hamiltonians of Eqs. (4.3)-
(5.4), the WF EOM-PMA yields exact third-order response in the phase-
matched direction given by Eq. (4.13). In particular, the WF EOM-PMA

42



accounts for all effects due to pulse overlaps automatically (see [141] for a
recent discussion of finite-bandwidth and pulse-overlap effects in optical 2D
spectroscopy). If the parameters of the system Hamiltonian are explicitly
time-dependent (for example, due to the fluctuations of the environment the
system is imbedded into), then Eqs. (5.11), (5.12) and (5.16) remain true
after the substitution H → H(t).

The solution of the Schrödinger equations (5.6)-(5.10) does not require
the diagonalization of the system Hamiltonian. Often, H is a sparse matrix
and its matrix elements can be evaluated analytically. It is thus not neces-
sary to store the matrices H(t) and HF (t). The matrix-vector multiplica-
tions which are necessary for the solution of the WF EOM-PMA Schrödinger
equations can be implemented efficiently. The WF EOM-PMA is, therefore,
computationally cheaper than the method which is based on the eigenfunc-
tion representation of the system Hamiltonian for the perturbative evalua-
tion of the driven wave functions [142, 143].

In the derivation of Eqs. (5.11), (5.12) and (5.16) we assumed zero
vibrational temperature, Teq = 0. The results can straightforwardly be
generalized towards molecular systems with a thermal initial distribution
(see Eq. 5.20). We need to evaluate P3P,n(t) according to Eqs. (5.11),
(5.12) and (5.16) by solving the corresponding Schrödinger equations with
the initial condition

|ψ(t = t0)〉 = |g〉|nv〉. (5.17)

for every significantly populated vibrational level |nv〉. The final phase-
matched polarization is then computed as

P3P (t) = Z−1
g

∞∑
n=0

P3P,n(t) exp{−En/(kBTeq)}. (5.18)

The description given by Eqs. (5.20), (5.18) is valid provided the coupling
of the system to the thermostat is weak.

Homogeneous lifetime-induced broadenings and the related dephasings
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can be modeled in the WF EOM-PMA via the imaginary terms iγ(σ)
k in the

system Hamiltonian (5.3). The γ(σ)
k account, if necessary, for the radiation-

less decay of the excited electronic states |e(σ)
k 〉. For an electronic two-level

system (|g〉, |e(1)
1 〉), for example, 2T1 = T2 = 1/γ

(1)
1 , where T1 and T2 are

the electronic population and coherence relaxation times (see, e.g., [144]).
Pure optical dephasing, arising from the coupling of the molecular system
to a fluctuating environment, cannot straightforwardly be described in the
wave-function formalism. Static inhomogeneous broadening effects can be
taken into account by an ensemble-averaging of the signals obtained by the
WF EOM-PMA.

In the preceding subsection we derived general WF EOM-PMA formula
for the calculation of the response of a quantum system to N coherent laser
fields. The formula is apparently more efficient to implement, because the
total dimension of vectors to propagate is a square root of the relevant
dimension of the density matrix. On the other hand the detailed dissipative
dynamics is not automatically included in the WF EOM-PMA.

We did not explicitly take into account averaging over orientations of the
transition dipole moments in the above equations. This issue is discussed in
Appendix A.4.

5.3 Density-operator formulation of the EOM-

PMA

The wave-function description of molecules is insufficient when the coupling
of the system to a thermostat is not weak enough, so we cannot consider
the system to be isolated on the femtosecond time scale. In that case, the
density-operator description (see Secs. 2.1, 2.2) becomes relevant. In this
section we will introduce the density-operator formulation of the EOM-PMA
(see e.g. Ref [56]) and demonstrate the link between the two formulations.
Further we would like to use this link to derive the general N -pulse EOM-
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PMA wave-function formula from the density-operator expression [104]. An
introductory example of density-operator EOM-PMA is discussed in Ap-
pendix A.6.

The Liouville equation with the Hamiltonians (5.1) and (4.3) reads

i∂tρ(t) = [H +HF (t), ρ(t)] +Dρ(t) (5.19)

with D being a dissipative operator. This equation has to be solved with
the initial condition

ρ(t = t0) = ρeq = Z−1
g

∞∑
n=0

|n〉 exp{−En/(kBTeq)}〈n|. (5.20)

(Zg is the partition function; kB is the Boltzmann constant; |n〉 ≡ |g〉|nv〉
and En are the eigenfunctions and eigenvalues of the electronic ground-state
Hamiltonian Hg (see Eq. (A.12)). If the time-dependent density operator is
known, we can evaluate the total three-pulse induced polarization

P (t) = 〈ρ(t)(X +X†)〉, (5.21)

where the brackets 〈〉 denote the trace.
Let us now discuss the connection between the wave-function and density-

operator EOM-PMA formulations. For this purpose let us introduce non-
Hermitian operator A, auxiliary density operator σ, and the equation of
motion for the operator σ

i∂tσ = Aσ − σĀ. (5.22)

Further we suppose that at time t0 the density operator σ corresponds to a
pure state

σ(t = t0) = |ψ(t = t0)〉〈ψ̄(t = t0)|, (5.23)

where the vectors |ψ(t)〉 and 〈ψ̄(t)| denote arbitrary time-dependent vectors.
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Considering the time derivative of this equation we can see that equation
(5.22) can be replaced by two vector equations of motion

i∂t|ψ(t)〉 = A|ψ(t)〉, (5.24)

− i∂t〈ψ̄(t)| = 〈ψ̄(t)|Ā. (5.25)

To solve equation (5.22) we can make two vector propagations defined by
these equations of motion and form the density matrix σ as σ(t) = |ψ(t)〉〈ψ̄(t)|.
Alternatively, we can perform one density-matrix propagation according to
the original equation (5.22).

At this point we can conclude that wave-function EOM-PMA equations
like (5.11) can be replaced by density-operator equations of motion. For
example, the term 〈ψ̄12†3†(t)|X|ψ12†3†(t)〉 corresponds to a density operator
|ψ12†3†(t)〉〈ψ̄12†3†(t)| = ρ12†3†(t) =̂σ(t), which satisfies

i∂tρ12†3†(t) = H12†3†(t)ρ12†3†(t)− ρ12†3†(t)H12†3†(t) =̂Aσ − σĀ (5.26)

with appropriate initial condition. Then 〈ψ̄12†3†(t)|X|ψ12†3†(t)〉 ≡ 〈Xρ12†3†(t)〉.
We can treat the other terms in Eq. (5.11) in analogous manner so that the
equation takes the form

P3P (t) = 〈X(ρ12†3†(t)− ρ12†(t)− ρ13†(t))〉+O(λ4). (5.27)

This is the basic density-matrix EOM-PMA formula, see Ref. [56]. Eq.
(5.11) proves, as a byproduct, that the density-operator EOM-PMA for-
mula (5.27) is valid for the general vibronic Hamiltonian (5.1)-(5.3) and the
system-field Hamiltonian (4.3)-(5.4). In the same way we could come and
prove the validity of (5.11) from equation (5.27). From any density-operator
formula like (5.27) we can derive a corresponding wave-function EOM-PMA
formula in this way (assuming we still have Hamiltonian evolutions in the
bra and ket). On the other hand, we could not proceed this way from wave-
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function formulas like (5.12) and (5.16), because they are asymmetric and
we cannot form auxiliary density operators like in the preceding case. As
discussed above, the five auxiliary wave functions represent the minimum
amount of wave-functions neglecting radiative coupling to higher excited
states. We also can conclude that (5.27) contains the minimum number of
auxiliary density operators.

As an interesting application of the link between the wave-function and
the density-operator EOM-PMA, let us use it for obtaining the general N -
pulse wave-function formula from the known density-operator counterpart
(see [104]). Following the same notation as in [104], the external field ε(t)
consists of a sum of N coherent pulses

ε(t) =
N∑
a=1

λaEa(t− τa) exp{i(kar− ωa[t− τa])}+ c.c..

Here λa, ka, ωa and τa denote the amplitude, wave vector, carrier frequency
and central time of the laser pulses. Ea(t − τa) is the dimensionless pulse
envelope function. The phase-matching condition (4.2) in the case of N
pulses

k =
N∑
a=1

laka, (5.28)

la being arbitrary integer numbers. In order to find Pk(t) from

P (t) =
∑
k

Pk(t) exp{ikr}+ c.c.,

the final density-operator EOM-PMA formula for the calculation of the po-
larization reads

Pk(t) =
N∑
m=0

(−1)m+1

N∑
|g|2=m

〈µρ(g, t)〉+O(λN+1), (5.29)
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where
i∂tρ(g, t) = [H − µε(g, t), ρ(g, t)] +Dρ(g, t). (5.30)

Here g is an N -dimensional vector with the components ga, which take
values 0 or 1 (field off or on). Using the same considerations as before, we
can define vectors |ψ(g, t)〉, 〈ψ(g, t)| such that

ρ(g, t) = |ψ(g, t)〉〈ψ̄(g, t)| (5.31)

and
i∂t|ψ(g, t)〉 = (H − µε(g, t))|ψ(g, t)〉, (5.32)

− i∂t〈ψ̄(g, t)| = 〈ψ̄(g, t)|(H − µε(g, t)), (5.33)

ε(g, t) =
N∑
a=1

gaλaEa(t− τa) exp{−iωa[t− τa])} (5.34)

with a Hermitian H for simplicity. Omitting the dissipative D operator, we
arrive at

Pk(t) =
N∑
m=0

(−1)m+1

N∑
|g|2=m

〈ψ̄(g, t)|µ|ψ(g, t)〉+O(λN+1). (5.35)

This way, we have obtained the wave-function EOM-PMA formula for the
calculation of the response of a quantum system to N coherent laser fields,
requiring 2N+1 independent wave-function propagations (2N+1 − 1 in case
there is no permanent dipole moment).

5.4 Practical implementation of the wave-function

EOM-PMA

In this section we discuss briefly the influence of the number of quantum
states involved in the calculation on the computational time and possible
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dimensionality-based ways to reduce the computational time.
For the numerical integrations of the relevant auxiliary equations of mo-

tion (see Sections 5.2, 5.3) we use the basis of eigenstates of the multi-
dimensional harmonic-oscillator Hamiltonian hg. In comparison to the one-
dimensional harmonic oscillator model, the two-mode conical intersection
model requires a two-dimensional harmonic-oscillator basis. Increasing the
number of modes, the numerical propagation becomes more demanding, be-
cause the number of elements in the state vectors and density matrices in-
crease significantly. For example if we need M eigenstates per mode of the
vibrational Hamiltonian hg to get numerically converged results, the com-
puting time would roughly scale as M (for the one-mode case, and as MJ

for J-mode case). In our applications, the number of states M was around
20.

The difference in computing time between the propagation of density
matrices using auxiliary Liouville equations and the propagation of state
vectors using auxiliary Schrödinger equations is significant. MJ eigenstates
of the state vector correspond to M2J states in the density matrix, so the
time for density matrix propagation is MJ times longer. There is thus an
enormous difference in computing time depending on whether we describe
the system by a wave function or a density operator. This difference in
computational cost was the main motivation to perform the computations
in the wave-function picture for isolated quantum systems.

In our simulations, the driven Schrödinger equations are converted into
matrix form by an expansion in terms of the eigenstates of the vibrational
Hamiltonian hg and are solved by the fourth-order Runge-Kutta integrator.
Runge-Kutta is an important family of numerical methods, which are used
for the solution of ordinary differential equations. The fourth-order Runge-
Kutta is the most commonly used method. It works as follows. Suppose we
need to evaluate the wave function |ψ(t+ h)〉 knowing the wave function at
time t is |ψ(t)〉. The time derivative ∂t|ψ(t)〉 obeys the equation of motion, in
our case the Schrödinger equation. Then we can express |ψ(t+ h)〉 in terms
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of |ψ(t)〉 and the time derivatives given by the equation of motion[145] with
a precision up to a fourth order in h. The time-step h is chosen to ensure
the convergence of the results.

The Runge-Kutta is also useful to obtain the double-Fourier transfor-
mations, because the integrals representing the Fourier transformations are
solutions of certain differential equations.
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Chapter 6

Calculation of 2D optical spectra
with the wave-function
EOM-PMA

To illustrate the application of the WF EOM-PMA, we consider model
systems with multi-level excited-state dynamics, which involves electron-
vibrational intra-state interactions and electronic inter-state couplings. Re-
cently, effects related to vibrational dynamics have unambiguously been de-
tected in 2D optical spectra [146, 147, 54]. Theoretically, 2D spectra of
displaced harmonic oscillators [106, 148, 149, 150, 112], anharmonic oscil-
lators [142], systems with avoided crossings [107, 56, 151], vibronic dimers
[143], and "torsional" dimers [152] have been studied. The question how to
distinguish between electronic and vibrational oscillations in 2D spectra is
under active debate [153, 154, 155, 156].

6.1 Calculation of the 2D signal

Both excited states |e(1)
1 〉, |e

(1)
2 〉 (see Eq. 5.3) are assumed to be optically

bright, in general, and the transition dipole moment operator X is defined
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as
X = v1|g〉〈e(1)

1 |+ v2|g〉〈e(1)
2 |. (6.1)

The three laser pulses have Gaussian envelopes

E(t) = exp{−(t/τp)
2}, (6.2)

equal amplitudes, the same carrier frequencies (ω1 = ω2 = ω3 = ε
(1)
1 ) and

durations. We consider short pulses (τp = 1/Ω = 13.2 fs) for all one-
dimensional models. We use the reduced energies and frequencies as defined
in Eq. (5.5) by setting ε0 = ε

(1)
1 . The latter is not relevant and does not

need to be specified.
It is convenient to define the pulse arrival times in the system-field Hamil-

tonian (4.3) as follows:

τ1 = −T − τ, τ2 = −T, τ3 = 0, (6.3)

where τ (the so-called coherence time) is the delay time between the second
and the first pulse, and T (the so-called population time) is the delay time
between the third and the second pulse [59, 119, 124]. The 2D signal is
obtained by a double Fourier transformation of the nonlinear polarization
P3P (t, τ, T ) with respect to the coherence time τ and the detection time t,

I(ωτ , ωt, T ) ∼ i

ˆ
dτ

ˆ
dt exp(−iωττ) exp(iωtt)P3P (t, τ, T ). (6.4)

The signal (6.4) is complex-valued. We consider here only the real part
which is associated with absorption [124]. The frequencies ωt and ωτ are
given relative to the vertical excitation energy ε(1)

1 .
The field-matter interaction is treated numerically exactly. It is conve-
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nient to change to the interaction picture by the unitary transformation

U (t− t0) = exp

{
i

(
|g〉hg〈g|+

∑
k=1,2

|e(1)
k 〉(hg + ε

(1)
k + Ω∆2

k/2)〈e(1)
k |

)
(t− t0)

}
.

(6.5)
The transformed system+field Hamiltonians are slowly varying with time,
which allows a larger integration time step.

Adopting the eigenfunction representation for the ground and excited-
state Hamiltonians (Eqs. (A.12) and (A.13) in Appendix A.3) and assuming
that the pulses are temporally well separated and short (impulsive limit),
one can derive a simple analytical expression for the 2D signal intensity (see
Appeindix A.3)

ReI(ωτ , ωt, T ) ∼∑
α,β,n

c0αcαncnβcβ0g(ωτ − ωα0)g(ωt − ωβn)
(
cos(ωαβT )e−2γT + cos(ωn0T )

)
.

(6.6)
Here the c’s are Franck-Condon factors (Eq. (A.14)), ω’s are the system
frequencies (Eq. (A.13)), n and 0 denote vibrational levels in the electronic
ground state, α, β denote vibronic levels of the excited-state manifold, and

g(x) =
γ

γ2 + x2
(6.7)

is the Lorentzian lineshape function.

6.2 One-dimensional models

In the following we consider an one dimensional shifted harmonic oscilla-
tor model from Section 3.1.1 and an avoided crossing model from Section
3.1.2, where Ω = 403 cm−1 = 0.05 eV (index α omitted) is the vibrational
frequency and τΩ = 2π/Ω = 82.7 fs is the vibrational period. ∆1 = 2 and
∆2 = 1 are the dimensionless displacements of the excited-state equilibrium
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geometries from the ground-state geometry. The electronic population de-
cay rates are chosen as γ1 = γ2 = γ = Ω/10. The values of the parameters
mentioned here have been chosen to calculate the 2D spectra. The resulting
electronic dephasing rate is γ/2. The vertical energy gap of the electronic
excited-state potential-energy surfaces ε2− ε1 is varied. The electronic cou-
pling ∆ introduced in Section 3.1.2, is zero, so the system in the excited
states behaves like a one-dimensional harmonic oscillator shifted with re-
spect to the ground electronic state.

Fig. 6.1 shows the real part of the polarization P3P (t, τ, T = 0) for
the material system specified in Section 3.1.1. The first electronic state,
|e1〉, is taken as optically bright (v1 6= 0 in Eq. (4.5)), while the second
electronic state, |e2〉, is optically dark (v2 = 0). Panel (a) corresponds to
a system with uncoupled (∆ = 0) potential energy surfaces with energy
gap ε2 − ε1 = 3

2
Ω. Panel (b) depicts P3P (t, τ, T = 0) for a system with

strong electronic coupling ∆ = Ω/2 = 200 cm−1 and ε2 − ε1 = 2Ω. The
phase-matched polarization in panel (a) exhibits vibrational beatings with
the period τΩ = 82.7 fs along both the t and τ axes. It also decays due to
the presence of electronic dephasing γ/2 = 20.15 cm−1.

The time evolution of P3P (t, τ, T = 0) in panel (b) is more complex.
The electronic coupling produces splittings of the (otherwise degenerate)
vibronic levels of the electronic states |e1〉 and |e2〉. It also causes a transfer
of a certain part of the oscillator strength from the optically bright state to
the optically dark state. Therefore, the beatings in panel (b) are less regular
than in panel (a) and decay faster.
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Figure 6.1: Real part of the phase-matched polarizations P3P (t, τ, T = 0) for
the material system with v1 6= 0 and v2 = 0. Panel (a): Uncoupled excited
electronic states. Panel (b): Coupled excited electronic states (∆ = 200
cm−1).
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The phase-matched polarizations of Fig. 6.1 are obtained with short
pulses (τp = 1/Ω = 13.2 fs), which allow us to resolve vibrational beatings
of the period τΩ, as well as longer beatings induced by the electronic coupling
∆. The polarizations thus contain rich information on the system dynamics.
To extract this information, it is convenient to consider the double Fourier
transforms of the polarizations, i.e., the 2D spectra defined by Eq. (6.4).
For obtaining vibrationally-resolved 2D spectra, the pulses have to be short
on the timescale of the vibrational dynamics. Although the WF EOM-
PMA is valid for long pulses and fully accounts for pulse-overlap effects, 2D
spectra calculated for pulses with τp > τΩ are dominated by a single peak
corresponding to resonant excitation and are not considered here.

Fig. 6.2 shows 2D spectra I(ωτ , ωt, T = 0) for the material system defined
by Eqs. (3.1)-(3.6), (4.5) without electronic coupling (∆ = 0). The energy
gap of the potential-energy surfaces is ε2 − ε1 = 3

2
Ω. Panel (a) corresponds

to an optically bright state |e1〉 and optically dark state |e2〉 (v1 6= 0, v2 = 0),
while panel (b) is for the opposite case (v1 = 0, v2 6= 0). Panel (c) is for
v1 = v2 6= 0, that is, both states are optically bright. The 2D spectra
show a series of peaks centered at ωτ , ωt = 0,±Ω, ... (panel (a)) and at
ωτ , ωt = Ω/2,±3Ω/2, ... (panel (b)), as expected [106, 148, 112]. The Ω/2

shift between the two grids of peaks is due to the relative displacement of
3Ω/2 between the potential-energy surfaces |e1〉 and |e2〉.

Fig. 6.2(c) does not simply display the superposition of the peak grids
of Figs. 6.2(a) and 6.2(b). Additionally, Fig. 6.2(c) exhibits cross-peaks,
where ωτ corresponds to transitions within |g〉, |e1〉 while ωt corresponds to
transitions within |g〉, |e2〉 and vice versa. As a result, the signal of Fig.
6.2(c) looks qualitatively like that for a single displaced harmonic oscillator
with vibrational frequency 2Ω.

Figs. 6.2 show vividly that 2D spectroscopy is very efficient in detect-
ing interference. Namely, the signal from a material system consisting of
two (spectrally distinct) subsystems does not yield the superposition of the
signals from the two subsystems. There exist cross-contributions, due to
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Figure 6.2: Real part of the 2D spectrum, Re I(ωτ , ωt, T = 0), for a system
with the energy gap ε2 − ε1 = 3

2
Ω and zero electronic coupling (∆ = 0).

Panel (a): |e1〉 is optically bright while |e2〉 is optically dark. Panel (b): |e1〉
is optically dark while |e2〉 is optically bright. Panel (c): Both |e1〉 and |e2〉
are optically bright.
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Figure 6.3: Same as in Fig. 6.2(c) but for the energy gap ε2 − ε1 = 2Ω.

the interference of the signals coming from the two subsystems. If, on the
other hand, the two subsystems do not have distinct spectral signatures,
the ensuing 2D signal is much less informative. This is illustrated by Fig.
6.3, which shows I(ωτ , ωt, T = 0) when |e1〉 and |e2〉 are optically bright
but ε2 − ε1 = 2Ω. In this case, the grids of the peaks corresponding to the
excited electronic states overlap, and the resulting 2D spectrum (Fig. 6.3)
is similar to that given in Fig. 6.2(a).

Fig. 6.4 depicts I(ωτ , ωt, T = 0) for a system with ε2 − ε1 = 2Ω, v1 6= 0,
v2 = 0 and strong electronic coupling, ∆ = Ω/2 = 200 cm−1. The corre-
sponding polarization P3P (t, τ, T = 0) is depicted in Fig. 6.1 (b). Clearly,
the coupling lifts the degeneracy of the energy levels. As was predicted in
Ref. [107], the coupling splits each peak in the 2D spectrum obtained for
∆ = 0 into four subpeaks. Due to the coupling, the optically dark state bor-
rows oscillator strength from the bright state, hence the quartets of peaks
in Fig. 6.4.
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Figure 6.4: Real part of the 2D spectrum, Re I(ωτ , ωt, T = 0), for a system
with the energy gap ε2 − ε1 = 2Ω and strong electronic coupling ∆ = Ω/2.
|e1〉 is optically bright while |e2〉 is optically dark.

It is interesting to compare Fig. 6.4 with Fig. 6.5. The latter shows
I(ωτ , ωt, T = 0) for a system with ε2 − ε1 = 7Ω/4, two bright electronic
states (v1 = v2 6= 0) and zero electronic coupling (∆ = 0). The 2D spectra of
Figs. 6.4 and 6.5 look similar, although the corresponding system dynamics
are fundamentally different.

The similarity of the 2D signals in Figs. 6.4 and 6.5 is not a coincidence.
It indicates that the Hamiltonian He defined by h1 and h2 of Eq. (3.5) and
an electronic coupling ∆ can be mapped into a Hamiltonian with certain h̃1

and h̃2 and Ũ12 = 0. In several particular cases, the mapping is mathemat-
ically exact (see e.g. [157]). In general, it is approximate [158]. Thus, by
monitoring 2D spectra, it is difficult to discriminate between a system with
electronic coupling and a single bright state and a system without electronic
coupling, but two bright states.

Furthermore, the level spectrum of the system of Fig. 6.4 is degenerate
(for ∆ = 0) and the electronic coupling ∆ = Ω/2 is rather strong. It is
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Figure 6.5: Real part of the 2D spectrum, Re I(ωτ , ωt, T = 0), for a system
with the energy gap ε2 − ε1 = 7Ω/4 and zero electronic coupling. Both |e1〉
and |e2〉 are optically bright.

the combination of these two requirements which leads to the splitting of
vibrational levels in Fig. 6.4. If either of these requirements is relaxed,
the 2D spectra for the systems with and without electronic coupling look
similar (not shown). Therefore, optical 2D spectra are not very useful in
discriminating between these two kinds of systems. For the electron-transfer
systems under study here, the discrimination can be achieved by following
the T -evolution of vibronic cross-peaks in I(ωτ , ωt, T = 0) [107] or (even
easier) by monitoring the system wave-packet and/or electronic population
dynamics via spontaneous emission or pump-probe signals [18, 154, 139].

Up to now, we considered so-called correlation spectra, corresponding to
zero population time, T = 0. Now we discuss how the 2D spectra evolve in
time. Fig. 6.6 shows the 2D spectrum for the system of Fig. 6.2(a) (ε2−ε1 =

3Ω/2, v1 6= 0, v2 = 0, ∆ = 0) for T = τΩ/2 = 41.4 fs. Comparison of Figs.
6.2(a) and 6.6 reveals an interesting interference effect: For T = τΩ/2, every
second peak is missing. Hence the spectrum of Fig. 6.6 could be confused
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Figure 6.6: Real part of the 2D spectrum, Re I(ωτ , ωt, T ) for a population
time T = τΩ/2. The system parameters are the same as for Fig. 6.2(a).

with that of harmonic oscillator with frequency Ω/2.
To explain the missing peaks at a certain population time, we consider

Eq. (6.6). Let us pick a certain peak (ωτ , ωt). According to Eq. (6.6), it
corresponds to the level α for which ωτ ≈ ωα0 and to the levels β, n for which
ωt ≈ ωβn. Neighboring peaks correspond to either α±1, β, n or α, β±1, n or
α, β, n±1. If T = 0, each of the cosines in Eq. (6.6) is equaled to unity. Now
consider T = τΩ/2. In the harmonic case under consideration, all transition
frequencies in Eq. (A.13) are integer multiples of Ω. Therefore, each of the
cosines in Eq. (6.6) can be either +1 or −1. The peak (ωτ , ωt) at T = 0

survives at T = τΩ/2, if the sum of two cosines in Eq. (6.6) yields ≈ 2 (given
γ/Ω � 1). For any neighboring peak, the argument of one of the cosines
changes by π, making their sum ≈ 0.

Fig. 6.7 shows a similar effect for a system with significant electronic
coupling, ∆ = Ω/2 = 200 cm−1. All parameters are the same as for Fig.
6.4, except T = τΩ/2. Due to the coupling, the transition frequencies in
Eq. (A.13) are no longer integer multiples of Ω. Hence the cancellation of
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Figure 6.7: Real part of the 2D spectrum, Re I(ωτ , ωt, T ) for a population
time T = τΩ/2. The system parameters are the same as for Fig. 6.4.

peaks does not take place, although differences among Figs. 6.4 and 6.7 are
substantial.

The "missing peaks" at certain population times may be useful to reveal
the origin (electronic vs. vibrational) of dynamics in 2D signals. The signals
calculated in the present thesis exhibit well-resolved progressions of almost
equidistant peaks. This, along with the "missing peaks", is an unequivocal
signature of the vibrational origin of the peaks. In condensed phases, on
the other hand, material systems are subject to strong electronic dephasing
and vibrational peaks are, as a rule, not resolved. Assume that we are
monitoring I(ωτ , ωt, T ) for certain fixed ωτ and ωt as a function of T . If
the signal exhibits oscillations with a certain frequency ΩT , then it might be
elucidating to monitor I(ωτ±ΩT , ωt±ΩT , T ). If the latter also oscillate with
the frequency ΩT and vanish at half-integer 2π/ΩT , then ΩT is certainly a
vibrational frequency.
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6.3 Conical intersections

Figure 6.8: Time evolution of the real part of the photon-echo polarization
PPE(t, τ, T = 0) for ξ = 0.

The values of the parameters of the two-state two-mode model discussed
in Section 3.1.3 are taken from the well-known and extensively explored
S2(ππ∗)/S1(nπ∗) conical intersection of pyrazine [120, 121, 159]. The cou-
pling mode of the S2(B2u) and S1(B3u) states of pyrazine is the out-of-plane
mode ν10a of B1g symmetry. In pyrazine, this is the only normal mode which
can couple the S2(B2u) and S1(B3u) states in first order. The dominant tun-
ing mode (among several [121]) is the totally symmetric mode ν6a (in-plane
ring stretching mode). The frequencies of the coupling mode and the tun-
ing mode are Ω1 = 952 cm−1(0.118 eV) and Ω2 = 597 cm−1(0.074 eV).
The corresponding vibrational periods are T1 = 2π/Ω1 = 35 fs and T2 =

2π/Ω2 = 56 fs. The intra-state electron-vibration coupling constants are
κ1 = −847 cm−1(−0.105 eV), κ2 = 1202 cm−1(0.149 eV) [159]. The vertical
S1 − S2 energy gap is ε2 − ε1 = 7259 cm−1(0.9 eV). The inter-state vi-
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bronic coupling constant λ12 has the value 2113 cm−1(0.262 eV) [159]. The
adiabatic S1 and S2 potential-energy surfaces of this two-state two-mode
conical-intersection model are displayed in Fig. 3.1. We assume that the
lower of the excited states is, as often is the case (for example, in heteroaro-
matic molecules) optically dark, while the higher of the excited states is
optically bright. This situation is represented by the transition operator X

X = |g〉〈e2|. (6.8)

In the RWA, it is convenient to reduce the vertical electronic excitation
energies and the carrier frequency of the three laser pulses by the excitation
energy ε2 of the bright state, that is, to make the replacements

ε1 → ε1 − ε2, ε2 → 0, ωa → ωa − ε2, a = 1, 2, 3. (6.9)

ωa thus represents the detuning from the vertical excitation energy of the
bright state in what follows. The reduced pulse carrier frequencies ωa are
chosen as −609 cm−1, which implies that the pulses are in resonance with
the energy gap between the lowest vibrational level of the bright excited
electronic state and the lowest vibrational level of the electronic ground
state. The pulse duration τp is chosen such that the spectrum of the pulses
covers a significant part of the absorption spectrum of the bright excited
state, τp = 5 fs. The pulse duration is thus short compared to the timescale
of the unperturbed vibrational dynamics.

The time-dependent Schrödinger equations of WF EOMPMA like Eq.
(5.9) for ket and Eq. (5.10) for bra are converted to matrix-vector form by
the expansion of the wave functions in harmonic oscillator basis functions of
the two vibrational modes (that is, in the eigenstates of hg). The equations
of motion are solved by a fourth-order Runge-Kutta integrator. For the
model system considered in the present work, converged results are obtained
with twenty basis functions for the coupling mode and the tuning mode in
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each electronic state, which results in state vectors of dimension 1200. Eqs.
(5.12) and (5.16) in Appendix 5.2 are used for the numerical calculation of
PPE(t, τ, T ).

The 2D signal is obtained in a similar manner as in Eq. (6.4) but this
time we directly include exponential dephasing via the parameter ξ, so we
denote the 2D signal S(ωτ , ωt, T ) and obtain the signal by a double Fourier
transform of PPE(t, τ, T ) with respect to t and τ

S(ωτ , ωt, T ) = i

ˆ ∞
0

dτ

ˆ ∞
0

dte−(iωτ+ξ)τe(iωt−ξ)tPPE(t, τ, T ). (6.10)

This expression defines the so-called rephasing signal. We have restricted our
consideration to τ > 0, which corresponds to the natural time ordering of the
pulses number 1, 2, and 3. The PPE(t, τ, T ) for τ < 0 is zero unless T + τ >

0 (apart from the pulse overlap effects, which affect the time ordering).
This last conclusion holds for any system without excited state absorption.
Technically, it follows from the identity (X†)2 ≡ (X)2 ≡ 0 for the transition
dipole moment operators (6.8). Hence, the contribution to the rephasing
2D signal from PPE(t, τ, T ) for τ < 0 is not straightforward to interpret.
The non-rephasing signal corresponds to the phase-matching condition k =

k1 − k2 + k3. In the remainder of the present work, we study the rephasing
2D signal as defined via Eq. (6.10). To make the presentation simpler, the
non-rephasing signals are not considered.

In Eq. (6.10), we have included (as is common in practice in the re-
sponse function formalism [22, 130]) a phenomenological parameter which
accounts for the decay of the phase coherence between the excited electronic
states and the electronic ground state. The optical dephasing gives rise to
a homogeneous broadening of the linear absorption spectrum and the 2D
spectra.

For short and temporally well separated laser pulses, there exists a simple
analytic expression for the 2D signal S(ωτ , ωt, T ) in terms of eigenstates and
energy levels of the molecular Hamiltonian [132, 160]. This formula, which is
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given in Appendix A.3, is useful for qualitative interpretations of the peaks
in the 2D spectra.

Let us first consider the photon-echo polarization PPE(t, τ, T ) as a func-
tion of t and τ for T = 0. Fig. 6.8 displays the real part of PPE(t, τ, T = 0)

generated with 5 fs laser pulses. The polarization exhibits a maximum for
t ≈ 0, τ ≈ 0 and shows irregular oscillations as a function of both t and τ .
The polarization does not exhibit complete recurrences along the axes t and
τ , since the beating frequencies are incommensurable. To extract informa-
tion on the system dynamics, it is convenient to consider the corresponding
2D spectra.

The 2D spectrum S(ωτ , ωt, T ) obtained by double Fourier transformation
of PPE(t, τ, T ) is shown in Fig. 6.9 for three values of the population time,
T = 0 (top), T = 51 fs (middle) and T = 74 fs (bottom). The dephasing
is weak, ξ = 57 cm−1. For brevity, only the real part of the complex signal
S(ωτ , ωt, T ) is shown. The contour plots of the imaginary part of S(ωτ , ωt, T )

exhibit similar structures and do not contain additional information in the
present context. The waiting times of 51 fs and 74 fs correspond to the first
minimum and the second maximum, respectively, of the population P2(t)

in Fig. 3.2. While the 2D spectra at T = 0 and T = 51 fs (upper and
middle panel in Fig. 6.9) are similar, the spectrum at T = 74 fs (bottom
panel) is very different, albeit it corresponds to the second maximum of the
population probability P2(t) in Fig. 3.2. The 2D spectrum thus exhibits
a significant and nontrivial dependence on the waiting time, which will be
discussed in more detail elsewhere.

The 2D spectra in Fig. 6.9 exhibit well-resolved peaks with clear vi-
brational structure which are related to the line splittings seen in the ab-
sorption spectrum of the S2 state (Fig. 3.3a). The spectral resolution of
the linear absorption spectrum as well as the 2D spectra is determined
by the optical dephasing time. The spacings between the multiple peaks
are related to the Franck-Condon active tuning mode with the frequency
Ω2 = 597 cm−1. In particular, the spectra of Fig. 6.9 exhibit a clear diago-
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nal peak at Ωt = Ωτ ≈ Ω2, as well as several intense cross peaks below the
diagonal. This pattern reflects ground-state bleach and the emission from
the vibronically coupled states of the conical intersection to excited vibra-
tional levels of the electronic ground state (see, e.g. Refs. [160, 106, 107]).

We can get additional insight into the evolution of 2D spectra by inspect-
ing Eq. (A.16) in Appendix A.3. It shows that the 2D signal consists of
an excited-state contribution (the term ∼ exp{iωαβT}) and a ground-state
contribution (the term ∼ exp{iωn0T}). According to Fig. 3.2 a significant
part of the population of the |e2〉 state leaks through the conical intersec-
tion to the |e1〉 state within 50 fs. On the other hand, the overall intensities
of the 2D spectra in the upper (T = 0) and middle (T = 51 fs) panels of
Fig. 6.9 are approximately the same. While the lower panel of Fig. 6.9
(T = 74 fs) corresponds to a local maximum of P2(t) in Fig. 6.8, the overall
intensity of the 2D spectrum in the lower panel of Fig. 6.9 is roughly half
of that in the upper and middle panels. This indicates that 2D spectra of
conical intersections exhibit significant contributions from the dynamics in
the ground electronic state (cf. Refs. [161, 162]).

The 2D spectra obtained with strong dephasing (ξ = 152 cm−1, ξ−1 =

35 fs), corresponding to the linear absorption spectrum in Fig. 3.3b, are
displayed in Fig. 6.10. While the detailed peak splittings of Fig. 6.9 are
no longer resolved with the stronger dephasing, several individual peaks are
clearly seen in 2D spectra, although the positions of the peaks cannot be
directly attributed to the frequencies of the coupling and tuning modes. The
intensities and shapes of the peaks exhibit a significant dependence on the
waiting time.
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Figure 6.9: Real part of the 2D spectrum S(ωτ , ωt, T ) in the case of weak
optical dephasing (ξ = 57 cm−1). The upper panels: T = 0. The middle
panels: T = 51 fs. The lower panels: T = 74 fs.
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Figure 6.10: Same as in Fig. 6.9, but for the strong dephasing ξ = 152 cm−1.



Chapter 7

Summary

I have developed the WF version of the EOM-PMA for the calculation
of 4WM optical signals. For the material system, I considered a general
electron-vibrational Hamiltonian, comprising the electronic ground state,
a manifold of singly-excited electronic states, and a manifold of doubly-
excited electronic states. The latter are included to allow the modeling of
excited-state absorption. Within the WF EOM-PMA, the calculation of
the third-order phase-matched polarization for particular values of the pulse
delay times requires 6 independent WF propagations within the RWA (Eq.
(5.11)). For material systems without doubly-excited electronic states, the
number of WF propagations is reduced to 5 (Eqs. (5.12), (5.16)). The WF
EOM-PMA can thus efficiently be implemented on parallel computers. For
example, to compute a 2D spectrum I(ωτ , ωt, T ) for a fixed value of the pop-
ulation time T , we need to solve 6 time-dependent Schrödinger equations.

The EOM-PMA automatically accounts for pulse-overlap effects. The
WF EOM-PMA is applicable if the parameters of the system Hamiltonian
are explicitly time dependent. The numerical solution of the time-dependent
driven Schrödinger equations does not require diagonalization of the system
Hamiltonian, and can straightforwardly be applied to systems possessing a
quasi-continuous spectrum, for example, systems exhibiting photophysical or
photochemical reactions. For typical vibronic-coupling systems, the matrix
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of the system Hamiltonian is sparse, and its matrix elements can be derived
analytically. It is thus not necessary to store the Hamiltonian matrices H(t)

and HF (t) in the computer memory, and all matrix-vector multiplications
(which are necessary for the solution of the WF EOM-PMA Schrödinger
equations) can be coded efficiently.

The WF EOM-PMA has been formulated in terms of an effective sys-
tem Hamiltonian, which (if necessary) contains imaginary terms representing
electronic population-decay rates. These and related homogeneous dephas-
ings can be modeled via the WF EOM-PMA. On the other hand, pure opti-
cal dephasing (that is, decay of electronic coherences of the system density
matrix which is not related to electronic population decay) cannot straight-
forwardly be taken into account in the WF EOM-PMA. Static inhomoge-
neous broadening and/or finite temperature can be taken into account by a
posteriori ensemble averaging.

As a proof-of-principle illustration, I have applied the WF EOM-PMA to
compute time-dependent polarizations and 2D spectra for a series of model
systems with strong electron-vibrational coupling and electronic inter-state
coupling, considering a single vibrational mode. These calculations are not
demanding, and the signals could have been computed with the third-order
response functions formalism. Being based on time-dependent wave-packet
propagation, the WF EOM PMA is straightforwardly applicable for the
calculation of 4WM signals of material systems with several nonseparable
nuclear degrees of freedom and/or several nonadiabatically coupled elec-
tronic states, for which the numerical calculation of the multi-time response
functions would require a substantial computational effort.

The WF EOM-PMA can be straightforwardly adapted for the compu-
tation of infrared 4WM signals (see [60, 163, 164] for recent reviews on
vibrational 4WM spectroscopy). In analogy to the extension of the DM
EOM-PMA ho higher orders [104], the WF EOM-PMA can be generalized
to the description of 6WM signals [165, 166, 167] or higher-order signals as
we have done the generalization in Section 5.3.
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The wave-function version of the EOM-PMA [132] developed in the
present work is applicable when external perturbations other than optical
dephasing can be neglected on the timescale of interest. The computa-
tionally demanding step in this method is the time propagation of five or
six (independent) auxiliary wave functions, which is routinely feasible for
strongly coupled systems with several large-amplitude nuclear degrees of
freedom. In suitable cases, converged wave-packet calculations with tens
or more vibrational degrees of freedom are possible with the computation-
ally highly efficient multi-configuration time-dependent Hartree (MCTDH)
method [168, 41]. When perturbations by a thermal environment beyond
optical dephasing have to be taken into account, e.g. for a chromophore in
solution, the reduced density-matrix formalism has to be employed. Clearly,
the time propagation of density matrices is computationally more demanding
than wave-function propagation. Nevertheless, the density-matrix version of
the EOM-PMA [105, 56], combined with a numerically accurate treatment
of system-bath coupling with the hierarchical equation-of-motion (HEOM)
method [118, 169], provides a powerful scheme [170] for the nonperturbative
simulation of 2D spectra of complex nonadiabatic systems. The accurate
simulation of 2D spectra for multi-dimensional conical intersections repre-
sent a considerable computational challenge.

In this thesis, I have presented the first computational simulation of
an electronic 2D spectrum for a model system with a conical intersection
of the excited-state potential-energy surfaces. Although the two-state two-
mode model employed in the present work is an oversimplification, it exhibits
some of the characteristic features of the dynamics at conical intersections in
polyatomic molecules, such as a high density and irregularity of the vibronic
energy levels and a decay of the excited-state population on a timescale of
tens of femtoseconds. We have found that the 2D spectrum carries informa-
tion both on the vibronic energy levels and intensities (for a fixed waiting
time) and on the time-evolution of the excited-state population (through
the dependence of the 2D spectrum on the waiting time). 2D spectroscopy
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thus has the potential of providing very detailed insight into the ultrafast
and complex nonadiabatic dynamics at conical intersections.

More extended and more sophisticated models of spectroscopically acces-
sible conical intersections are readily available. For the well-known S2(ππ∗)/S1(nπ∗)

conical intersection in pyrazine, models with three [120], four [121], seven
[171] and 23 [172] vibrational degrees of freedom have been constructed with
ab initio electronic structure calculations and their dynamics has been in-
vestigated with time-dependent wave-packet calculations. Other well known
systems exhibiting spectroscopically accessible conical intersections are ozone
[173], SO2 [174], NH3 [175], pyrrole [176], phenol [177] and thymine [178,
179], to name a few. While many of these systems represent a bright ex-
cited state coupled by a conical intersection to a lower-lying dark (or nearly
dark) excited state, there exist also conical intersections involving two bright
excited states, for example the 1La and 1Lb excited states of indole and tryp-
tophan [180]. It can be expected that electronic 2D spectroscopy will provide
even more detailed insight into the nonadiabatic dynamics of such conical
intersections.

73



Appendix A

Derivations and proofs

A.1 Derivation of Eq. (5.11)

Consider the Taylor expansion

|ψ12†3†(t)〉 ≡
∞∑

i,j,k=0

λi1λ
j
2λ

k
3|ψ

ijk
12†3†
〉 (A.1)

and similar expansions for the other relevant WFs in terms of the amplitudes
of the laser pulses. For clarity, we suppress the time argument of the WFs
|ψijk

12†3†
〉. Employing perturbation theory in the matter-field interaction, we

obtain:
|ψ12†3†(t)〉 =

∣∣ψ000
12†3†

〉
+ λ2|ψ010

12†3†〉+ λ3|ψ001
12†3†〉+

λ2
2|ψ020

12†3†〉+ λ2
3|ψ002

12†3†〉+ λ2λ3|ψ011
12†3†〉+ λ1λ2|ψ110

12†3†〉+ λ1λ3|ψ101
12†3†〉+

λ1λ
2
2|ψ120

12†3†〉+λ1λ
2
3|ψ102

12†3†〉+λ
2
1λ2|ψ210

12†3†〉+λ
2
1λ3|ψ201

12†3†〉+λ1λ2λ3|ψ111
12†3†〉+O(λ4);

(A.2)

〈ψ̄12†3†(t)| = 〈ψ̄000
12†3†|+ λ1〈ψ̄100

12†3†|+
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λ2
1〈ψ̄200

12†3†|+ λ1λ2〈ψ̄110
12†3†|+ λ1λ3〈ψ̄101

12†3†|+

λ2
1λ2〈ψ̄210

12†3†|+λ
2
1λ3〈ψ̄201

12†3†|+λ1λ
2
2〈ψ̄120

12†3†|+λ1λ
3
3〈ψ̄102

12†3†|+λ1λ2λ3〈ψ̄111
12†3†|+O(λ4).

(A.3)
Here

∣∣ψ000
12†3†

〉
≡ |ψ〉 (〈ψ̄000

12†3†| ≡ 〈ψ̄|) are given by |g〉 |0v〉 (〈0v|〈g|) times
the appropriate phase factor. The absence of many terms like λ1|ψ100

12†3†〉 is
visible making use of time-dependent perturbation theory (see section 2.2)
with interaction-free Hamiltonian H and interaction Hamiltonian Hint 3P (t)

Hint 3P (t) = −µ1(t)− µ†2(t)− µ†3(t).

Then the vectors |ψ(m)〉 and 〈ψ̄(n)| are defined by the equations

|ψ(m)(t)〉 = −i
ˆ t

t0

e−iH(t−t′)Hint 3P (t′)|ψ(m−1)(t
′)〉dt′,

〈ψ̄(n)(t)| = i

ˆ t

t0

〈ψ̄(n−1)(t
′)|Hint 3P (t′)eiH

†(t−t′)dt′,

|ψ(0)(t)〉 = e−iH(t−t0)|0〉|g〉, 〈ψ̄(0)(t)| = 〈0|〈g|eiH
†(t−t0). (A.4)

Substituting X operators in expressions for µa(t) will show why many terms
can be omitted.

The recurrence relations are result of the time-dependent perturbation
theory (see section 2.2). The 3P polarization direction is then be equal to
ei
~k3PPE~rP3P (t)+c.c.. The expansions for two-pulse and single-pulse WFs can

be immediately retrieved from Eqs. (A.2) and (A.3), e.g.,

|ψ12†(t)〉 = |ψ12†3†(t)〉λ3=0, 〈ψ̄1(t)| = 〈ψ̄12†3†(t)|λ3=0,

etc.
Inserting the expansions of the relevant WFs into Eq. (5.11), we en-
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counter numerous expressions of the kind

Θ = 〈0v|〈g|

{
M∏
k=1

xk(tk)

}
|g〉|0v〉, (A.5)

where xk(tk) ≡ exp{iHtk}xk exp{−iH†tk} and each xk can be either X or
X†. It follows that Θ 6= 0 if and only if (i) M is even and (ii) the number of
X†s equals the number of Xs. The proof is evident: X† creates an optical
excitation in the ket, X annihilates it, and 〈0v|〈g|...|g〉|0v〉 is the ground-state
averaging. Retaining the nonzero Θs and using the identities

X |g〉 ≡ 0, 〈g|X† ≡ 0, (X†)3 ≡ (X)3 ≡ 0 (A.6)

we arrive at the formula
P3P (t) =

λ1λ2λ3

(
〈ψ̄|X|ψ111

12†3†〉+ 〈ψ̄110
12† |X|ψ

001
3† 〉+ 〈ψ̄101

13† |X|ψ
010
2† 〉+ 〈ψ̄100

1 |X|ψ011
2†3†〉

)
+O(λ4)

(A.7)
(cf. [142, 143]) which proves that Eq. (5.11) indeed delivers the desired
third-order phase-matched polarization P3P (t).

Eq. (A.7) has the following physical meaning. 〈ψ̄|X|ψ111
12†3†〉 describes a

contribution corresponding to negative values of the coherence time τ (the
pulses #2 and #3 come before the pulse #1). The terms 〈ψ̄110

12† |X|ψ
001
3† 〉

and 〈ψ̄101
13† |X|ψ

011
2† 〉 correspond to the "normal" time ordering (the pulse #1

arrives first). The last term, 〈ψ̄100
1 |X|ψ011

2†3†〉, takes care of the contribution
from the doubly-excited electronic states (if vij 6= 0).

There exist several equivalent forms of the basic Eq. (5.11). It follows
from Eq. (A.3) that

〈ψ̄12†3†(t)| = 〈ψ̄12†(t)|+ 〈ψ̄13†(t)| − 〈ψ̄1(t)|+O(λ3). (A.8)

Due to Eq. (A.6), X|ψ12†3†(t)〉 = O(λ). Hence 〈ψ̄12†3†(t)| in Eq. (5.11) can
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be substituted by Eq. (A.8), yielding an equivalent version of Eq. (5.11):

P3P (t) = 〈ψ̄13†(t) + ψ̄12†(t)− ψ̄1(t)|X|ψ12†3†(t)〉

− 〈ψ̄12†(t)|X|ψ12†(t)〉 − 〈ψ̄13†(t)|X|ψ13†(t)〉+O(λ4). (A.9)

A.2 Proof of the minimal number of WF prop-

agations

Combining Eqs. (A.2) and (A.3) and using Eqs. (A.5) and (A.6) we obtain:

〈ψ̄12†3†(t)|X|ψ12†3†(t)〉 = λ2〈ψ̄|X|ψ010
2† 〉+ λ3〈ψ̄|X|ψ001

3† 〉+

λ1λ
2
2

{
〈ψ̄|X|ψ120

12† 〉+ 〈ψ̄100
1 X|ψ020

2† 〉+ 〈ψ̄110
12† |X|ψ

010
2† 〉
}

+

λ1λ
2
3

{
〈ψ̄|X|ψ102

13† 〉+ 〈ψ̄100
1 X|ψ002

3† 〉+ 〈ψ̄101
13† |X|ψ

001
3† 〉
}

+

λ1λ2λ3

{
〈ψ̄|X|ψ111

12†3†〉+ 〈ψ̄100
1 |X|ψ011

2†3†〉+ 〈ψ̄110
12†X|ψ

001
3† 〉+ 〈ψ̄101

13† |X|ψ
010
2† 〉
}

+O(λ4).

(A.10)
Eq. (A.10) can be considered as an expansion of the polarization 〈ψ̄12†3†(t)|X|ψ12†3†(t)〉
in terms of λ1, λ2, λ3 with the coefficients 〈ψ̄|X|ψ010

2† 〉, 〈ψ̄|X|ψ
111
12†3†〉, ...,

〈ψ̄101
13† |X|ψ

001
3† 〉. Expansions of the other polarizations (〈ψ̄12†(t)|X|ψ12†(t)〉,

〈ψ̄13†(t)|X|ψ13†(t)〉, etc.) are obtained as particular cases of Eq. (A.10).
On the other hand, the phase-matched polarization, P3P (t) (Eq. (A.7)),
is given by the sum of the last four terms in Eq. (A.10). We thus need
to find the minimal number of nonperturbative polarizations (and thus the
minimal number of computed WFs) through which P3P (t) can be expressed
algebraically. This can be done by considering the appropriate systems of
linear equations as is explained below.

1. According to Eq. (A.7), the ket |ψ12†3†(t)〉 must enter the formula for
P3P (t), since the basis vector |ψ111

12†3†〉 contains all three pulses simulta-
neously. As is clear from Eq. (A.2), the contribution 〈ψ̄|X|ψ12†3†(t)〉
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produces the unwanted terms 〈ψ̄|X(|ψ1
2†〉+ |ψ

1
3†〉+ |ψ

12
12†〉+ |ψ

12
13†〉). To

eliminate them, two extra kets, |ψ12†(t)〉 and |ψ13†(t)〉, are necessary.

2. According to Eq. (A.7), one needs to have the contributions 〈ψ̄11
13†|

and 〈ψ̄11
12†| in the bra. The only auxiliary bra containing both of

them is 〈ψ̄12†3†|. It produces the unwanted terms 〈ψ̄11
12†|X|ψ

1
2†〉 and

〈ψ̄11
13†|X|ψ

1
3†〉. Therefore, we need at least two bras.

3. The two bras could be either 〈ψ̄13†|, 〈ψ̄12†| or 〈ψ̄12†3†|, 〈ψ̄12†| or 〈ψ̄13†|,
〈ψ̄12†3†|. Considering the appropriate expansions in terms of λa, one
finds that they are not sufficient to express the last three terms in Eq.
(A.10). For example, using 〈ψ̄12†3†| and 〈ψ̄12†|, one cannot simultane-
ously cancel 〈ψ̄1

1|X|ψ2
3†〉 and keep 〈ψ̄11

12†|X|ψ
1
3†〉. Therefore, one needs

at least 3 bras. This means that 6 (3 kets and 3 bras) is the minimal
number of WFs which have to be computed.

4. If doubly excited states are not involved (vij = 0 in Eq. (5.4)), then
〈ψ̄1

1|X| ≡ 0 and 5 (2 bras and 3 kets) is the minimal number of WFs
necessary to evaluate P3P (t), see Eq. (5.12).

A.3 Derivation of Eq. (6.6)

Consider the 3P polarization for a system without doubly-excited electronic
states. Assume that pulse #1 comes first (τ > 0) and that all three pulses
are temporally well separated. As explained in Sec. A.1, the polarization can
then be approximated as P3P (t) ∼ 〈ψ̄110

12† |X|ψ
001
3† 〉+〈ψ̄

101
13† |X|ψ

010
2† 〉. Evaluating

this expression perturbatively, assuming δ-function pulse envelopes (the so-
called impulsive limit), one arrives at the expression

P3P (t) ≈
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iλ1λ2λ3θ(τ)θ(t)
∑
α,β,n

c0αcαncnβcβ0e
(iωα0−γ)τe(−iωβn−γ)t(e(iωαβ−2γ)T + eiωn0T ),

(A.11)
θ(t) being the Heaviside step function. Here, we have introduced the eigen-
function representation for the electronic ground and excited-state Hamilto-
nians,

Hg|n〉 = En|n〉, H(1)
e |α〉 = Eα|α〉. (A.12)

The corresponding transition frequencies read

ωαβ = Eα − Eβ, ωβn = Eβ − En ωnm = En − Em, (A.13)

and the Franck-Condon factors are

cnα = 〈n|X|α〉, cαn = 〈α|X†|n〉. (A.14)

Performing the Fourier transform of Eq. (A.11) according to Eq. (6.4), we
obtain

I(ωτ , ωt, T ) ∼∑
α,β,n

c0αcαncnβcβ0
γ − i(ωτ − ωα0)

(ωτ − ωα0)2 + γ2

γ + i(ωt − ωβn)

(ωt − ωβn)2 + γ2
(e(iωαβ−2γ)T + eiωn0T ).

(A.15)
In case we use for phenomenological inclusion of the optical dephasing

in the simulations rather the multiplication by exponential with the optical
dephasing rate ξ instead of the modified time-evolution with the γ factors,
the equation has the form

I(ωτ , ωt, T ) ∼∑
α,β,n

c0αcαncnβcβ0
ξ − i(ωτ − ωα0)

(ωτ − ωα0)2 + ξ2

ξ + i(ωt − ωβn)

(ωt − ωβn)2 + ξ2

(
eiωαβT + eiωn0T

)
.

(A.16)
the Eq. (A.16) describes the Lorentzian line shape function, the width of
which is determined by the optical dephasing rate ξ. The Lorentzians can
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be replaced by other line shape functions, if necessary.

A.4 Orientational averagings within the EOM-

PMA

The system-field coupling parameters vi = sdi and vij = sdij introduced in
Eq. (5.4) are determined by the scalar products of the unit vector of the
polarization of the laser pulses, s, and the transition dipole moments, di, dij.
Within the response function formalism, the averaging over the orientations
of di and dij can be performed analytically [181, 182]. In the EOM-PMA,
the task is more involved.

If the material system possesses a single transition dipole moment, the
orientational averaging yields a constant factor if the reorientation of the
dipole moment can be neglected on the timescale of the experiment. If
the system possesses two or more different transition dipole moments, the
averaging can be performed by repeating the WF EOM-PMA calculations
as many times as there are different orientation dependent contributions to
the signal.

Consider, for example, a system with the ground electronic state |g〉, one
singly-excited electronic state |e(1)

1 〉, and one doubly-excited electronic state
|e(2)

1 〉. Then, the 4WM signal can be evaluated as

I = (sd1)2(A(sd1)2 +B(sd12)2).

The signal I and its components A and B depend on interpulse delays and
other relevant parameters. Averaging I over the orientations of d1 and d12

(the latter are considered as independent) yields

〈I〉 = (A|d1|4/5 +B|d1|2|d12|2/9).

To determine A and B, we perform two WF EOM-PMA calculations, one
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for sd1 = 1, sd12 = 0 (signal Ia) and one for sd1 = 1, sd12 = 1 (signal Ib).
Then, A = Ia, B = Ib − Ia, and

〈I〉 = (Ia|d1|4/5 + (Ib − Ia)|d1|2|d12|2/9).

Generalization to multiple dipole moments is obvious. We can also introduce
"path-specific" X and X† by setting specific vi and vij to zero.

In general, the polarizations s(a) of all three (a = 1, 2, 3) laser pulses
creating the third-order polarization are different. We thus have to perform
33 − 3! = 21 WF EOM-PMA computations corresponding to all relevant
combinations of the components of the unit vectors s(a)

βa
, βa = x, y, z [182].

This yields the set of 21 polarizations Pβ1β2β3 . The corresponding 4WM
intensities, Iβ1β2β3β4 , are obtained from Pβ1β2β3 at no computational cost.
Knowing Iβ1β2β3β4 , we can perform any orientational averaging and evaluate,
e.g., 4WM anisotropies [137, 182].

If the polarizations of three pulses are the same, it may be efficient to
perform the orientational averaging in the molecular frame (see [183] for
more details). In this frame, the components of di and dij are fixed, but s
is randomly distributed in space, so that

〈I〉 =
1

4π

ˆ
dsI(sdi, sdij).

The result of the averaging is invariant with respect to the choice of a par-
ticular reference frame. The two-dimensional integral can be performed by
discretization, evaluating I(sdi, sdij) for different orientations of s.
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A.5 WF EOM PMA for systems without tran-

sitions to higher-excited electronic states

As has been shown in [132], there exist several equivalent forms of the basic
Eq. (5.11). It is easy to prove that

〈ψ̄12†3†(t)| = 〈ψ̄12†(t)|+ 〈ψ̄13†(t)| − 〈ψ̄1(t)|+O(λ3). (A.17)

where 〈ψ̄1(t)| is defined in analogy with the other auxiliary wave functions.
Since X|ψ12†3†(t)〉 = O(λ), we can insert this expression into Eq. (5.11).
This results in

PPE(t) = 〈ψ̄13†(t) + ψ̄12†(t)− ψ̄1(t)|X|ψ12†3†(t)〉

−〈ψ̄12†(t)|X|ψ12†(t)〉 − 〈ψ̄13†(t)|X|ψ13†(t)〉+O(λ4).(A.18)

If we neglect optical transitions between the lowest excited electronic state
and higher-excited electronic states, the transition operator is defined by
Eq. (6.8) and obeys the identity

(X†)2 ≡ (X)2 ≡ 0.

The contribution ∼ 〈ψ̄1(t)|X in Eq. (A.18) can therefore be replaced by
∼ 〈ψ̄(t)|X. Here 〈ψ̄(t)| is the solution of the "bra" Schrödinger equation
without external pulses. It is given by 〈0v|〈g| times an appropriate time-
dependent phase factor and is evaluated analytically. Therefore Eq. (5.11)
simplifies to Eq. (5.12).

An expression derived in Ref. [105],

P3P (t) = 〈ψ̄|X|ψ12†3†(t)− ψ13†(t)− ψ12†(t)〉

+ 〈ψ̄12†(t)− ψ̄|X|ψ3†(t)〉+ 〈ψ̄13†(t)− ψ̄|X|ψ2†(t)〉+O(λ4) (A.19)
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is equivalent to Eq. (5.12), but requires 7 independent WFs.

A.6 Density-operator EOM-PMA without RWA

To present an example of application of the EOM-PMA, the three-pulse
photon echo polarization can be evaluated as

P3P (t) = 〈µ(ρ12†3†(t)− ρ12†(t)− ρ13†(t)− ρ2†3†(t) + (A.20)

ρ1(t) + ρ2(t) + ρ3†(t))〉+O(λ4), (A.21)

where O(λ4) is a shorthand notation for O(λm1 λ
n
2λ

k
3), m + n + k = 4. The

O(λ4) terms are small and can be neglected. The other lower order terms
canceled each other, so only the desired contribution proportional to λ1λ2λ3

left. The cancellation of the lower order terms is the condition which fixes
the possible choices of the auxiliary density operators or wave functions.
The auxiliary density operators satisfy the equations of motion

i∂tρ12†3†(t) = [H + µ̄1(t) + µ̄†2 + µ̄†3, ρ12†3†(t)] +Dρ12†3†(t), (A.22)

i∂tρ12†(t) = [H + µ̄1(t) + µ̄†2, ρ12†(t)] +Dρ12†(t), (A.23)

i∂tρ13†(t) = [H + µ̄1(t) + µ̄†3, ρ13†(t)] +Dρ13†(t), (A.24)

i∂tρ2†3†(t) = [H + µ̄†2 + µ̄†3, ρ2†3†(t)] +Dρ2†3†(t), (A.25)

i∂tρ1(t) = [H + µ̄1(t), ρ1(t)] +Dρ1(t), (A.26)

i∂tρ2†(t) = [H + µ̄†2, ρ2†(t)] +Dρ2†(t), (A.27)

i∂tρ3†(t) = [H + µ̄†3, ρ3†(t)] +Dρ3†(t), (A.28)

µ̄a(t) = µEa(t− τa)λa exp{iωa(t− τa)}. (A.29)

As in Eq. (2.6), D is a dissipative operator. In this case we did not employ
the RWA so the µ̄a(t) contains the whole transition dipole moment operator
µ. Within the density operator EOM-PMA we can obtain the three-pulse
photon echo signal by propagation of seven auxiliary density operators. As

83



a consequence of the RWA, we can omit the auxiliary density operators
ρ2†3†(t), ρ1(t), ρ2(t), abd ρ3†(t) leaving only three auxiliary density opera-
tors to propagate. In the wave-function EOM-PMA these density operators
would correspond to six wave functions, which require even less computa-
tional time for propagation.

The efficiency of the calculation depends on the dimensionality of the
system. The dimension of the system strongly depends on whether we use
the density-operator description or the wave-function one. For the same
system, if the density operator in a pure state consists of N2

W elements,
the appropriate wave-function would contain NW . Roughly speaking the
computational time is bigger in the case of density operator by a factor
on NW , which in our case of conical intersections would often mean tens of
thousands. These enormous differences in efficiency were the key motivations
to develop the wave-function version of EOM-PMA discussed in the following
chapter. The developed wave-function EOMPMA is then applied to the
various mentioned model systems.
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